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Abstract: Verma modules of superconfomal algebras can have singular vector spaces
with dimensions greater than 1. Following a method developed for the Virasoro algebra
by Kent, we introduce the concept of adapted orderings on superconformal algebras. We
prove several general results on the ordering kernels associated to the adapted orderings
and show that the size of an ordering kernel implies an upper limit for the dimension
of a singular vector space. We apply this method to the topologicalN = 2 algebra and
obtain the maximal dimensions of the singular vector spaces in the topological Verma
modules: 0, 1, 2 or 3 depending on the type of Verma module and the type of singular
vector. As a consequence we prove the conjecture of Gato-Rivera and Rosado on the
possible existing types of topological singular vectors (4 in chiral Verma modules and
29 in complete Verma modules). Interestingly, we have found two-dimensional spaces
of singular vectors at level 1. Finally, by using the topological twists and the spectral
flows, we also obtain the maximal dimensions of the singular vector spaces for the
Neveu–SchwarzN = 2 algebra (0, 1 or 2) and for the RamondN = 2 algebra (0, 1, 2
or 3).

1. Introduction

More than two decades ago, superconformal algebras were first constructed indepen-
dently and almost at the same time by Kac [21] and byAdemollo et al. [1].Whilst Kac [21]
derived them for mathematical purposes along with his classification of Lie super alge-
bras, Ademollo et al. [1] constructed the superconformal algebras for physical purposes
in order to define supersymmetric strings. Since then the study of superconformal alge-
bras has made much progress in both mathematics and physics. On the mathematical
side Kac and van de Leuer [24] and Cheng and Kac [6] have classified all possible super-
conformal algebras and Kac recently has proved that their classification is complete (see
footnote in Ref. [23]). As far as the physics side is concerned, superconformal models
are gaining increasing importance. Many areas of physics make use of superconformal
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symmetries but the importance is above all due to the fact that superconformal algebras
supply the underlying symmetries of Superstring Theory.

The classification of the irreducible highest weight representations of the supercon-
formal algebras is of interest to both mathematicians and physicists. After more than
two decades, only the simpler superconformal highest weight representations have been
fully understood. Namely, only the representations ofN = 1 are completely classified
and proven [2,3]. ForN = 2 remarkable efforts have been taken by several research
groups [5,14,29,8,10,20]. Already theN = 2 superconformal algebras contain several
surprising features regarding their representation theory, most of them related to the rank
3 of the algebras, making them more difficult to study than the N=1 superconformal al-
gebras. The rank of the superconformal algebras keeps growing withN and therefore
even more difficulties can be expected for higherN .

The standard procedure of finding all possible irreducible highest weight represen-
tations starts off with defining freely generated modules over a highest weight vector,
denoted asVerma modules. A Verma module is in general not irreducible, but the cor-
responding irreducible representation is obtained as the quotient space of the Verma
module divided by all its proper submodules. Therefore, the task of finding irreducible
highest weight representations can be reduced to the classification of all submodules of
a Verma module. Obviously, every proper submodule needs to have at least one high-
est weight vector different from the highest weight vector of the Verma module. These
vectors are usually called singular vectors of the Verma module. Conversely, a module
generated on such a singular vector defines a submodule of the Verma module. Thus,
singular vectors play a crucial rôle in finding submodules of Verma modules. However,
the set of singular vectors may not generate all the submodules. The quotient space of a
Verma module divided by the submodules generated by all singular vectors may still be
reducible and may hence contain further submodules that again contain singular vectors.
But this time they are singular vectors of the quotient space, known as subsingular vectors
of the Verma module. Repeating this division procedure successively would ultimately
lead to an irreducible quotient space.

On the Verma modules one introduces a hermitian contravariant form. The vanishing
of the corresponding determinant indicates the existence of a singular vector. Therefore,
a crucial step towards analysing irreducible highest weight representations is to compute
the inner product determinant. This has been done forN = 1 [22,33,34],N = 2 [5,
34,25,19,12],N = 3 [27], andN = 4 [28,32]. Once the determinant vanishes we can
conclude the existence of a singular vector9l at a certainlevell, although there may still
be other singular vectors at higher levels even outside the submodule generated by9l ,
the so-calledisolated singular vectors. Thus the determinant may not give all singular
vectors neither does it give the dimension of the space of singular vectors at a given
level l, since at levels where the determinant predicts one singular vector, of a given
type, there could in fact be more than one linearly independent singular vectors, as it
happens for theN = 2 superconformal algebras [9,20]. Therefore, the construction of
specific singular vectors at levels given by the determinant formula may not be enough.
One needs in addition information about the dimension of the space of singular vectors,
apart from the (possible) existence of isolated singular vectors.

The purpose of this paper is to give a simple procedure that derives necessary condi-
tions on the space of dimensions of singular vectors of the N=2 superconformal algebras.
This will result in an upper limit for the dimension of the spaces of singular vectors at
a given level. For most weight spaces of a Verma module these upper limits on the
dimensions will be trivial and we obtain a rigorous proof that there cannot exist any
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singular vectors for these weights. For some weights, however, we will find necessary
conditions that allow one-dimensional singular vector spaces, as is the case for the Vira-
soro algebra, or even higher dimensional spaces. The method shown in this paper for the
superconformal algebras originates from the method used by Kent [26] for the Virasoro
algebra1. Kent analytically continued the Virasoro Verma modules to generalised Verma
modules. In these generalisedVerma modules he constructed generalised singular vector
expressions in terms of analytically continued Virasoro operators. Then he proved that
if a generalised singular vector exists at level 0 in a generalised Verma module, then it
is proportional to the highest weight vector. And consequently, if a generalised singular
vector exists at a given level in a generalised Verma module, then it is unique up to
proportionality. This uniqueness can therefore be used in order to show that the gener-
alised singular vector expressions for the analytically continued modules are actually
singular vectors of the Virasoro Verma module, whenever the Virasoro Verma module
has a singular vector. As every Virasoro singular vector is at the same time a generalised
singular vector, this implies that Virasoro singular vectors also have to be unique up to
proportionality.

In this paper we focus on the uniqueness proof of Kent and show that similar ideas
can be applied directly to the superconformal algebras. Our procedure does not require
any analytical continuation of the algebra, however, and therefore gives us a powerful
method that can easily be applied to a vast number of algebras without the need of
constructing singular vectors. We shall define the underlying idea asthe concept of
adapted orderings. For pedagogical reasons we will first apply Kent’s ordering directly to
the Virasoro Verma modules. Then we will present adapted orderings for the topological
N = 2 superconformal algebra, which is the most interestingN = 2 algebra for current
research in this field. The results obtained will be translated finally to the Neveu–Schwarz
and to the RamondN = 2 algebras. In a future publication we will further apply these
ideas to the twistedN = 2 superconformal algebra [13].

The paper is structured as follows. In Sect. 2 we explain the concept of adapted
orderings for the case of the Virasoro algebra, which will also serve to illustrate Kent’s
proof in our setting. In Sect. 3, we prove some general results on adapted orderings for
superconformal algebras, which justify the use of this method. In Sect. 4 we review
some basic results concerning the topologicalN = 2 superconformal algebra. Section 5
introduces adapted orderings on generic Verma modules of the topologicalN = 2
superconformal algebra (those built onG0-closed orQ0-closed highest weight vectors).
This procedure is extended tochiral Verma modules in Sect. 6 and tono-labelVerma
modules in Sect. 7. Section 8 summarises the implications of the adapted orderings on
the dimensions of the singular vector spaces for the corresponding topological Verma
modules. Section 9 translates these results to the singular vector spaces of the Neveu–
Schwarz and the RamondN = 2 superconformal algebras. Section 10 is devoted to
conclusions and prospects. The proof of Theorem 5.3 fills several pages and readers that
are not interested in the details of this proof can simply continue with Theorem 5.5.
In this case, the preliminary remarks to Theorems 6.1 and 7.2 should also be skipped.
Nevertheless, the main idea of the concept can easily be understood from the introductory
example of the Virasoro Verma modules in Sect. 2.

1 Besides the later application to the Neveu–SchwarzN = 2 algebra in Ref. [9], only one further application
is known to us which has been achieved by Bajnok [4] for theWA2 algebra.
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2. Virasoro Algebra

It is a well-known fact that at a given level of a Verma module of the Virasoro algebra
there can only be one singular vector which is unique up to proportionality. This is an
immediate consequence of the proof of the Virasoro embedding diagrams by Feigin
and Fuchs [15]. Using an analytically continued algebra of the Virasoro algebra, Kent
constructed in Ref. [26] all Virasoro singular vectors in terms of products of analytically
continued operators. Although similar methods had already been used earlier on Verma
modules over Kac-Moody algebras [31], the construction by Kent not only shows the
existence of analytically continued singular vectors for any complex level but also their
uniqueness2. This issue is our main interest in this paper. We shall therefore concentrate
on the part of Kent’s proof that shows the uniqueness of Virasoro singular vectors rather
than the existence of analytically continued singular vectors. It turns out that the extension
of the Virasoro algebra to an analytically continued algebra, although needed for the part
of Kent’s proof showing the existence claim, is however not necessary for the uniqueness
claim on which we will focus in this paper. We will first motivate and define our concept
of adapted orderingsfor the Virasoro algebra and will then prove some first results for
the implications of adapted orderings on singular vectors. Following Kent [26] we will
then introduce an ordering on the basis of a Virasoro Verma module and describe it in
our framework. If we assume that a singular vector exists at a fixed level, then this total
ordering will show that this singular vector has to be unique up to proportionality.

The Virasoro algebraV is generated by the operatorsLm with m ∈ Z and thecentral
extensionC satisfying the commutation relations

[Lm, Ln] = (m − n)Lm+n + C

12
(m3 − m)δm+n,0, [C, Lm] = 0, m, n ∈ Z. (1)

V can be written in itstriangular decompositionV = V− ⊕ V0 ⊕ V+, with V+ =
span{Lm : m ∈ N}, thepositive Virasoro operators, andV− = span{L−m : m ∈ N}, the
negative Virasoro operators. TheCartan subalgebrais given byV0 = span{L0, C}. For
elementsY of V that are eigenvectors ofL0 with respect to the adjoint representation
we call theL0-eigenvalue thelevel of Y and denote it by3 |Y |: [L0, Y ] = |Y |Y . The
same shall be used for the universal enveloping algebraU(V). In particular, elements of
U(V) of the formY = L−pI

. . . L−p1, pq ∈ Z for q = 1, . . . , I , I ∈ N, are at level
|Y | = ∑I

q=1 pq and we furthermore define them to be oflength‖Y‖ = I . Finally, for
the identity operator we set‖1‖ = |1| = 0. For convenience we define the graded class
of subsets of operators inU(V) at positive level:

Sm = {S = L−mI
. . . L−m1 : |S| = m ; mI ≥ . . . m1 ≥ 2 ; m1, . . . , mI , I ∈ N},(2)

for m ∈ N, S0 = {1}, and also

Cn = {X = SmLn−m
−1 : Sm ∈ Sm, m ∈ N0, m ≤ n}, (3)

for n ∈ N0, which will serve to construct a basis for VirasoroVerma moduleslater on.
We consider representations ofV for which the Cartan subalgebraV0 is diagonal.

Furthermore,C commutes with all operators ofV and can hence be taken to be constant

2 The exact proof of Kent showed that generalised Virasoro singular vectors at level 0 are scalar multiples
of the identity.

3 Note that positive generatorsLm have negative level|Lm| = −m. Therefore, any positive operators
0 ∈ V+ have a negative level|0|.
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c ∈ C (in an irreducible representation). A representation withL0-eigenvalues bounded
from below contains a vector withL0-eigenvalue1 which is annihilated byV+, ahighest
weight vector|1, c〉:

V+ |1, c〉 = 0, L0 |1, c〉 = 1 |1, c〉 , C |1, c〉 = c |1, c〉 . (4)

TheVerma moduleV1,c is the left-moduleV1,c = U(V) ⊗V0⊕V+ |1, c〉. ForV1,c we
choose the standard basisB1,c as:

B1,c = {SmLn−1 |1, c〉 : Sm ∈ Sm, m, n ∈ N0}. (5)

V1,c andB1,c areL0-graded in a natural way. The correspondingL0-eigenvalue is called
theconformal weightand theL0-eigenvalue relative to1 is thelevel. Let us introduce

B1,c
k = {Xk |1, c〉 : Xk ∈ Ck} , k ∈ N0. (6)

Thus,B1,c
k has conformal weightk and span{B1,c

k } is the grade space ofV1,c at level

k. Forx ∈ span{B1,c
k } we again denote the level by|x| = k.

Verma modules may not be irreducible. In order to obtain physically relevant irre-
ducible highest weight representations one thus needs to trace back the proper submod-
ules ofV1,c and divide them out. This finally leads to the notion of singular vectors as
any proper submodule ofV1,c needs to contain a vector9l that is not proportional to
the highest weight vector|1, c〉 but still satisfies thehighest weight vector conditions4

with conformal weight5 1 + l for somel ∈ N0:

V+9l = 0, L09l = (1 + l)9l, C9l = c9l, (7)

l is the level of9l , denoted by|9l |. An eigenvector9l of L0 at level l in V1,c, in
particular a singular vector, can thus be written using the basis (6):

9l =
l∑

m=0

∑
Sm∈Sm

cSm SmLl−m
−1 |1, c〉 , (8)

with coefficientscSm ∈ C. The basis decomposition (8) of anL0-eigenvector inV1,c

will be denoted thenormal formof 9l , whereSmLl−m
−1 ∈ Cl andcSm will be referred to

as thetermsandcoefficientsof 9l , respectively. Anon-trivial termY ∈ Cl of 9l refers
to a termY in Eq. (8) with non-trivial coefficientcY .

Let O denote a total ordering onCl with global minimum. Thus9l in Eq. (8) needs
to contain anO-smallestX0 ∈ Cl with cX0 6= 0 andcY = 0 for all Y ∈ Cl with Y<OX0

andY 6= X0. Let us assume that the orderingO exists with global minimumLl−1 ∈ Cl

and is such that for any termX ∈ Cl , X 6= Ll−1 of a vector9l at levell ∈ N0, the action
of at least one positive operator0 of V+ onX |1, c〉 contains a non-trivial basis term of
B1,c

l′ , with l′ = l +|0|, that cannot be obtained from any other term of9l O-larger than
X. However, for a singular vector9l the action of any positive operator ofV+ needs
to vanish and thus we find immediately that any given non-trivial singular vector9l

contains in its normal form the non-trivial termLl−1 ∈ Cl . Otherwise there must exist

4 Note that the trivial vector 0 satisfies the highest weight conditions Eq. (4) at any levell. However, 0 is
proportional to|1, c〉 and is therefore not a singular vector.

5 An eigenvector ofL0 with eigenvalue1 + l in the Verma moduleV1,c is usually labeled by the levell.
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a smallest non-trivial termX0 of 9l different fromLl−1. However, by assumption we
can find a positive operator0 annihilating9l but also creating a term that can only be
generated from the termX0 and from no other terms of9l . Thus the coefficientcX0 of X0
is trivial and therefore9l is trivial. This motivates our definition ofadapted orderings
for Virasoro Verma modules:

Definition 2.1. A total orderingO onCl (l ∈ N0) with global minimum is called adapted
to the subsetCA

l ⊂ Cl in the Verma moduleV|1,c〉 if for any elementX0 ∈ CA
l at least

one positive operator0 ∈ V+ exists for which

0 X0 |1, c〉 =
l+|0|∑
m=0

∑
Sm∈Sm

c
0X0
Sm

SmL
l+|0|−m
−1 |1, c〉 (9)

contains a non-trivial termX̃ ∈ Cl+|0| (i.e. c
0X0

X̃
6= 0) such that for allY ∈ Cl with

X0<OY andX0 6= Y the coefficientc0Y

X̃
in

0 Y |1, c〉 =
l+|0|∑
m=0

∑
Sm∈Sm

c0Y
Sm

SmL
l+|0|−m
−1 |1, c〉 (10)

is trivial: c0Y

X̃
= 0. The complement ofCA

l , CK
l = Cl \ CA

l , is the kernel with respect to
the orderingO in the Verma moduleV1,c.

Obviously, any total ordering onCl is always adapted to the subset∅ ⊂ Cl with
ordering kernelCK

l = Cl , what does not give much information. For our purposes we
need to find suitable ordering restrictions in order to obtain the smallest possible ordering
kernels (which is not a straightforward task). In theVirasoro case we will give an ordering
such that the ordering kernel for eachl ∈ N has just one element:Ll−1. As indicated
in our motivation, it is then fairly simple to show that a singular vector at levell needs
to have a non-trivial coefficient for the termLl−1 in its normal form. If two singular
vectors have the same coefficient for this term, then their difference is either trivial or
a singular vector with trivialLl−1 term. Again the latter is not allowed and hence all
singular vectors at levell are unique up to proportionality. This will be summarised in
the following theorem:

Theorem 2.2. LetO denote an adapted ordering inCA
l at levell ∈ N with a kernelCK

l

consisting of just one termK for a given Verma moduleV1,c. If two vectors91
l and92

l

at levell in V1,c, both satisfying the highest weight conditions Eq. (7), havec1
K = c2

K ,
then

91
l ≡ 92

l . (11)

Proof. Let us consider̃9l = 91
l −92

l . The normal form of9̃l does not contain the term
K asc1

K = c2
K . As Cl is a totally ordered set with respect toO, the non-trivial terms of

9̃l , provided9̃l is non-trivial, need to have anO-minimumX0 ∈ Cl . By construction,
the coefficientc̃X0 of X0 in 9̃l is non-trivial, hence,X0 is contained inCA

l . As O is
adapted toCA

l we can find a positive generator0 ∈ V+ such that0X0 |1, c〉 contains a
non-trivial term that cannot be created from any other term of9̃l which isO-larger than
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X0. ButX0 was chosen to be theO-minimum of the non-trivial terms of̃9l . Therefore,
0X0 |1, c〉 contains a non-trivial term that cannot be created from any other term of
9̃l . The coefficient of this term is obviously given byac̃X0 with a non-trivial complex
numbera. Like 91

l and92
l , 9̃l is also annihilated by any positive generator, in particular

by 0. It follows that c̃X0 = 0 which leads to contradiction. Thus, the set of non-trivial
terms of9̃l is empty and thereforẽ9l = 0. This results in91

l = 92
l . ut

Equipped with Definition 2.1 and Theorem 2.2 we can now easily prove the well-
known [26,15] uniqueness of Virasoro singular vectors. Let us first review the total
ordering onCl defined by Kent [26]. Whilst Kent used the following ordering to show
that in his generalised Virasoro Verma modules vectors at level 0 satisfying the highest
weight conditions are actually proportional to the highest weight vector, we will use
Theorem 2.2 to show that, furthermore, already the ordering implies that all Virasoro
singular vectors are unique at their levels up to proportionality.

Definition 2.3. On the setCl of Virasoro operators we introduce the total orderingOV

for l ∈ N. For two elementsX1, X2 ∈ Cl , X1 6= X2, with Xi = L−mi
Ii

. . . L−mi
1
Lni

−1,

ni = l − mi
Ii

. . . − mi
1, or Xi = Ll−1, i = 1, 2 we define

X1<OV
X2 if n1 > n2. (12)

If, however,n1 = n2 we compute the indexj0 = min{j : m1
j − m2

j 6= 0, j =
1, . . . , min(I1, I2)}. We then define

X1<OV
X2 if m1

j0
< m2

j0
. (13)

For X1 = X2 we setX1<OV
X2 and X2<OV

X1.

In order to show that Definition 2.3 is well-defined, we need to prove that the set of
indicesJ = {j : m1

j − m2
j 6= 0, j = 1, . . . , min(I1, I2)} is non-trivial for the cases that

n1 = n2 butX1 6= X2 and thus the minimumj0 is well-defined. Indeed, trivialJ either
implies that at least one ofX1 or X2 is equal toLl−1, or that the positive numbersmi

j

agree fori = 1 andi = 2 for all j from 1 to min(I1, I2). In the first case, however, as
Ll−1 is the only element ofCl with l operatorsL−1 and as we assumedn1 = n2 we find
that bothX1 andX2 must beLl−1. In the second case, let us assume thatI1 < I2, then

obviouslyn1 = n2 and|X1| = |X2| = l imply
∑I1

j=1 m1
j = ∑I1

j=1 m2
j +∑I2

j=I1+1 m2
j =∑I1

j=1 m1
j + ∑I2

j=I1+1 m2
j and thus

∑I2
j=I1+1 m2

j = 0. As all the numbersm2
j are strictly

positive we obtainI1 = I2 and thus againX1 = X2.
The indexj0 is therefore defined for all pairsX1, X2 with n1 = n2 (X1 6= X2). j0

describes the first index, read from the right to the left, for which the generators inX1
andX2 (L−1 excluded) are different. For exampleL−3L−2L−2L

3−1 is OV-smaller than
L−5L−2L

3−1 with indexj0 = 2. Before proceeding we ought to remark thatLl−1 ∈ Cl is
obviously the globalOV-minimum inCl . The following theorem combines our results
so far and shows the significance ofOV.

Theorem 2.4. The orderingOV is adapted toCA
l = Cl \ {Ll−1} for each levell ∈ N

and for all Verma modulesV1,c. The ordering kernel is given by the single element set
CK

l = {Ll−1}.
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Proof. The idea of the proof is a generalisation of Kent’s proof in Ref. [26]. Let us
considerX0 = L−mI

. . . L−m1L
n0−1 ∈ CA

l , n0 = l − mI . . . − m1, mI ≥ . . . ≥ m1 ≥ 2
for I ∈ N. We then construct a vector9l = X0 |1, c〉 at levell in the Verma module
V1,c. We apply the positive operatorLm1−1 to9l and write the result in its normal form,

Lm1−19l =
l−m1+1∑

m=0

∑
Sm∈Sm

cSmSmL
l−m1+1−m
−1 |1, c〉 , (14)

following Eq. (9). Equation (14) contains a non-trivial contribution ofS̃ =L−mI
. . .L−m2,

simply by commutingLm1−1 with L−m1 in X0 which creates another operatorL−1

but letsL−mI
. . . L−m2 remain unchanged and thus creates the termX̃ = L−mI

. . .

L−m2L
n0+1
−1 . In the casem1 = m2 = . . . = mj we simply obtain multiple copies of

this term. However, for any other termY = L−mY
J

. . . L−mY
1
LnY

−1 with Y ∈ Cl (nY =
l − mY

J . . . − mY
1 , J ∈ N0) producing the term̃X under the action ofLm1−1, either the

termY needs to have already at least oneL−1 more thanX0, and would consequently
be O-smaller thanX0 due to Eq. (12), orLm1−1 needs to createL−1 by commuting
throughL−mY

J
. . . L−mY

1
. The latter, however, is only possible ifmY

1 < m1. Otherwise
the commutation relations would not allowL−1 being created fromLmY

1 −1 and for

mY
1 = m1 we would ultimately findX0 = Y , as both terms need to createX̃. Hence

mY
1 < m1 and therefore one findsY<OV

X0. Consequently, there is no termOV-bigger

thanX0 producing the term̃X under the action of the positive generatorLm1−1. ut

Theorem 2.4 implies as an immediate consequence the following theorem about the
uniqueness of Virasoro singular vectors.

Theorem 2.5. If the Virasoro Verma moduleV1,c contains a singular vector9l at level
l, l ∈ N, then9l is unique up to proportionality. The coefficient of the termLl−1 ∈ Cl in
the normal form of9l , i.e. the coefficient ofLl−1 |1, c〉, is non-trivial.

Proof. We first show that theLl−1 |1, c〉 component in the normal form of9l is non-
trivial. Let us assume this component is trivial. The trivial vector 0 also satisfies the
highest weight conditions Eq. (7) for any levell and has trivialLl−1 |1, c〉 component.
According to Theorem 2.4,{Ll−1} is an ordering kernel for the orderingOV on Cl .
Therefore, from Theorem 2.2 we know that9l = 0 and therefore9l is not a singular
vector, which is a contradiction. Hence, we obtain that the component ofLl−1 |1, c〉 in
9l has to be non-trivial. Let us now assume9 ′

l is another singular vector inV1,c at the
same levell as9l . We know that the coefficientsc′

Ll−1
andcLl−1

of 9 ′
l and9l respectively

are both non-trivial. Thereforec′
Ll−1

9l andcLl−1
9 ′

l are two singular vectors at the same

level which agree in theirLl−1 coefficient and according to Theorem 2.2 are identical.
Thus,9l and9 ′

l are proportional. ut

Feigin and Fuchs [15] have proven for which Verma modules these unique Virasoro
singular vectors do exist.
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3. Superconformal Algebras and Adapted Orderings

A superconformal algebra is a Lie super algebra that contains the Virasoro algebra as a
subalgebra. Therefore superconformal algebras are also known assuper extensions of
the Virasoro algebra. Thanks to Kac [21,23], Cheng and Kac [6], and Kac and van de
Leur [24] all superconformal algebras are known by now. LetA denote a superconformal
algebra and letU(A) be the universal enveloping algebra ofA. We want that theenergy
operatorL0 of theVirasoro subalgebra is contained in our choice of the Cartan subalgebra
HA of A. A thus decomposes inL0-grade spaces which we want to group according to
the sign of the grade:A = A− ⊕ A0 ⊕ A−, where theL0-grades ofA−, A0, orA+ are
positive, zero, or negative respectively6. Consequently,U(A) also decomposes inL0-
grade spaces:U(A) = U(A)− ⊕ U(A)0 ⊕ U(A)+. Obviously, the Cartan subalgebra
HA is contained inA0 but does not need to be identical toA0. TheL0-grade is just one
component of the rootsµ ∈ H∗

A (the dual space ofHA) of A. For simplicity, let us fix
a basis forHA that containsL0: {L0, H

2, . . . , H r}, and hence let us denote the roots
as(1, µ), where1 indicates theL0 component andµ = (µ2, . . . , µr) the vector of all
other components.

Physicists are mainly interested inpositive energy representations. One thus defines
a highest weight vector|1, µ〉 as a simultaneous eigenvector ofHA with eigenvalues,
the weights, (1, µ) and vanishingA+ action:A+ |1, µ〉 = 0. TheL0-weight 1 =
µ(L0) is the conformal weight, which is for convenience always denoted explicitlty
in addition to the other weightsµ. Depending on the algebraA, physical as well as
mathematical applications may require highest weight vectors that satisfy additional
vanishing conditions with respect to operators ofA0 (thezero modes) with HA normally
excluded. Later on, this shall be further explained in Sect. 4 for the topologicalN = 2
algebra.

Definition 3.1. For a subalgebraN of A0 that includes the Cartan subalgebraHA we
define a highest weight vector|1, µ〉N with weight(1, µ):

L0 |1, µ〉N = 1 |1, µ〉N , (15)

Hi |1, µ〉N = µi |1, µ〉N , i = 2, . . . , r, (16)

A+ |1, µ〉N = 0, (17)

00 |1, µ〉N = 0, ∀ 00 ∈ N /HA. (18)

A Verma module is then defined analogously to the Virasoro case as the left module
VN

1,µ = U(A)⊗N⊕A+ |1, µ〉N , where we use the representation Eqs. (15)–(17) to act

with N ⊕ A+ on |1, µ〉N . If N = HA we shall simply writeV1,µ and|1, µ〉.
The Verma moduleVN

1,µ is again graded with respect toHA into weight spaces

VN ,(l,q)
1,µ with weights(1 + l, µ + q). For convenience we shall only use the relative

weights(l, q) with q = (q2, . . . , qr ) whenever we want to refer to a weight. TheL0
relative weightl is again called thelevel. Also for the universal enveloping algebra an
elementY with well-definedL0-gradel is said to be at level|Y | = l, i.e.[L0, Y ] = |Y |Y .
As for the Virasoro case we shall define asingular vectorof a Verma moduleVN

1,µ to be
a vector which is not proportional to the highest weight vector but satisfies the highest
weight conditions Eqs. (15)–(17) with possibly different weights.

6 Note that for historical reasons the elements ofA− have positiveL0-grade.



502 M. Dörrzapf, B. Gato-Rivera

Definition 3.2. A vector9N ′
l,q ∈ VN ,(l,q)

1,µ is said to satisfy the highest weight conditions
if

L0 9N ′
l,q = (1 + l)9N ′

l,q , (19)

Hi 9N ′
l,q = (µi + qi)9

N ′
l,q , i = 2, . . . , r, (20)

U(A)+ 9N ′
l,q = 0, (21)

00 9N ′
l,q = 0, ∀ 00 ∈ N ′/U(HA), (22)

for a subalgebra7 N ′ of U(A)0 that containsU(HA) and may or may not be equal to
N . 9N ′

l,q is called a singular vector if in addition9N ′
l,q is not proportional to the highest

weight vector|1, µ〉N .

Each weight spaceVN ,(l,q)
1,µ can be generated by choosing the subset of the root

space of the universal enveloping algebraU(A) with root (l, q) that only consists of
generators not taken fromN⊕A+. From this set we choose elements such that the vectors
generated by acting on the highest weight vector|1, µ〉N are all linearly independent
and thus form a basis forVN ,(l,q)

1,µ . Let CN
l,q denote such abasis set, analogous to the

basis set for the Virasoro algebra, to be specified later. Further, letBN
1,µ denote any

basis for the Verma moduleVN
1,µ. Thestandard basisfor the weight spaceVN ,(l,q)

1,µ shall

be the basisB̃N ,(l,q)
1,µ generated by the setsCN

l,q on the highest weight vector and the

basis decomposition of9l,q with respect toB̃N ,(l,q)
1,µ is calledits normal form. As in

the Virasoro case, an elementX of CN
l,q that generates a particular basis vector inB̃N ,l

1,µ

is called atermof a vector9l,q ∈ VN ,(l,q)
1,µ and the corresponding coefficientcX in its

basis decomposition is simply called acoefficientof 9l,q . Finally, we call the termX

of 9l,q a non-trivial term if cX 6= 0. This completes the necessary notation to define
adapted orderings onCN

l,q just like in the Virasoro case.

Definition 3.3. A total orderingO on CN
l,q with global minimum is called adapted to

the subsetCN ,A
l,q ⊂ CN

l,q in the Verma moduleVN
1,µ with annihilation operatorsK ⊂

U(A)+ ⊕ U(A)0/U(HA) if for any elementX0 ∈ CN ,A
l,q at least one annihilation

operator0 ∈ K exists for which

0 X0 |1, µ〉 =
∑

X∈BN
1,µ

c
0X0
X X (23)

contains a non-trivial termX̃ ∈ BN
1,µ (i.e. c0X0

X̃
6= 0) such that for allY ∈ CN

l,q with

X0<OY andX0 6= Y the coefficientc0Y

X̃
in

0 Y |1, µ〉 =
∑

X∈BN
1,µ

c0Y
X X (24)

7 Note that this time, for convenience, we have chosen the universal enveloping algebra to define the highest
weight conditions which is equivalent to the earlier definition Eqs. (15)–(17).
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is trivial: c0Y

X̃
= 0. The complement ofCN ,A

l,q , CN ,K
l,q = CN

l,q \ CN ,A
l,q is the kernel with

respect to the orderingO in the Verma moduleVN
1,µ. HereBN

1,µ represents a basis that

can be chosen suitably for eachX0 and may or may not be the standard basis8.

In the motivation to Theorem 2.2 we assumed the existence of an ordering with the
smallest kernel consisting of one element only. For theN = 2 algebras we will find
ordering kernels which contain more than one element and also ordering kernels that
are trivial. We saw in Theorem 2.5 that if the ordering kernel has only one element (the
global minimumLl−1 in the case of the Virasoro algebra) then any singular vector needs
to have a non-trivial coefficient for this element. The following theorems reveal what
can be implied if the ordering kernel consists of more than one element or of none at all.

Theorem 3.4. LetO denote an adapted ordering onCN ,A
l,q at weight(l, q) with kernel

CN ,K
l,q for a givenVerma moduleVN

1,µ and annihilation operatorsK. If two vectors9N ′,1
l,q

and 9
N ′,2
l,q at the same levell and weightq, satisfying the highest weight conditions

Eqs. (19)–(22) withN ′ = K, havec1
X = c2

X for all X ∈ CN ,K
l,q , then

9
N ′,1
l,q ≡ 9

N ′,2
l,q . (25)

Proof. Let us consider̃9l,q = 9
N ′,1
l,q −9

N ′,2
l,q . The normal form of̃9l,q does not contain

any terms of the ordering kernelCK
l,q , simply becausec1

X = c2
X for all X ∈ CN ,K

l,q .AsCN
l,q

is a totally ordered set with respect toO which has a global minimum, the non-trivial
terms of9̃l,q , provided9̃l,q is non-trivial, need to have anO-minimumX0 ∈ CN

l,q . By

construction, the coefficientc̃X0 of X0 in 9̃l,q in its normal form is non-trivial, hence,X0

is also contained inCN ,A
l,q . AsO is adapted toCN ,A

l,q one can find an annihilation operator

0 ∈ K such that0X0 |1, µ〉N contains a non-trivial term (for a suitably chosen basis
depending onX0) that cannot be created by any other term of9̃l,q which isO-larger
thanX0. But X0 was chosen to be theO-minimum of 9̃l,q . Therefore,0X0 |1, µ〉N
contains a non-trivial term that cannot be created from any other term of9̃l,q . The
coefficient of this term is obviously given byac̃X0 with a non-trivial complex numbera.

Together with9N ′,1
l,q and9

N ′,2
l,q , 9̃l,q is also annihilated by any annihilation operator,

in particular by0. It follows that c̃X0 = 0, contrary to our original assumption. Thus,
the set of non-trivial terms of̃9l,q is empty and thereforẽ9l,q = 0. This results in

9
N ′,1
l,q = 9

N ′,2
l,q . ut

Theorem 3.4 states that if two singular vectors at the same level and weight agree on
the ordering kernel, then they are identical. The coefficients of a singular vector with
respect to the ordering kernel are therefore sufficient to distinguish singular vectors. If
the ordering kernel is trivial we consequently find 0 as the only vector that can satisfy
the highest weight conditions.

Theorem 3.5. LetO denote an adapted ordering onCN ,A
l,q at weight(l, q) with trivial

kernelCN ,K
l,q = ∅ for a givenVerma moduleVN

1,µ and annihilation operatorsK. A vector

8 In the N = 2 case we will choose for mostX0 the standard basis with only very few but important
exceptions.
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9N ′
l,q at levell and weightq satisfying the highest weight conditions Eqs. (19)–(22) with

N ′ = K, is therefore trivial. In particular, this shows that there are no singular vectors.

Proof. We again make use of the fact that the trivial vector 0 satisfies any vanishing
conditions for any levell and weightq. As the ordering kernel is trivial the components
of the vectors 0 and9N ′

l,q agree on the ordering kernel and using Theorem 3.4 we obtain

9N ′
l,q = 0. ut
We now know that singular vectors can be classified by their components on the

ordering kernel. As we shall see if the ordering kernel hasn elements, then the space
of singular vectors for this weight is at mostn-dimensional. Conversely, one could ask
if there are singular vectors corresponding to all possible combinations of elements
of the ordering kernel. In general this will not be the case, however, for the Virasoro
algebra [26] and for the Neveu–SchwarzN = 2 algebra [9] it has been shown that for
each element of the ordering kernel there exists a singular vector for suitably defined
analytically continued Verma modules. Some of these generalised singular vectors lie
in the embedded original non-continued Verma module and are therefore singular in
the above sense. We finally conclude with the following theorem summarising all our
findings so far.

Theorem 3.6. LetO denote an adapted ordering onCN ,A
l,q at weight(l, q) with kernel

CN ,K
l,q for a given Verma moduleVN

1,µ and annihilation operatorsK. If the ordering

kernelCN ,K
l,q hasn elements, then there are at mostn linearly independent singular

vectors9N ′
l,q in VN

1,µ with weight(l, q) andN ′ = K.

Proof. Suppose there were more thann linearly independent singular vectors9N ′
l,q in

VN
1,µ with weight(l, q). We choosen + 1 linearly independent singular vectors among

them91,. . . ,9n+1. The ordering kernelCN ,K
l,q has then elementsK1,. . . ,Kn. Let cjk

denote the coefficient of the termKj in the vector9k in its standard basis decomposition.
The coefficientscjk thus form an byn+1 matrixC. The homogeneous system of linear
equationsCλ = 0 thus has a non-trivial solutionλ0 = (λ0

1, . . . , λ0
n+1)

T for the vector

λ. We then form the linear combination9 = ∑n+1
i=1 λ0

i 9i . Obviously, the coefficient of
Kj in the vector9 in its normal form is just given by thej th component of the vectorCλ

which is trivial forj = 1, . . . , n. Hence, the coefficients of9 are trivial on the ordering
kernel. On the other hand,9 is a linear combination of singular vectors and therefore
also satisfies the highest weight conditions withN ′ = K just like the trivial vector 0.
Due to Theorem 3.4 one immediately finds that9 ≡ 0 and therefore

∑n+1
i=1 λi9i = 0.

This, however, is a non-trivial decomposition of 0 contradicting the assumption that
91,. . . , 9n+1 are linearly independent.ut

4. TopologicalN = 2 Superconformal Verma Modules

We will now apply the construction developed in the previous section to the topological
N = 2 superconformal algebra. We first introduce an adapted ordering on the basis of
theN = 2 Verma modules. Consequently the size of the ordering kernel will reveal a
maximum for the degrees of freedom of the singular vectors in the sameN = 2 grade
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space. As the representation theory of theN = 2 superconformal algebras has different
types of Verma modules we will see that the corresponding ordering kernels also allow
different degrees of freedom.

The topologicalN = 2 superconformal algebraT2 is a super Lie algebra which
contains theVirasoro generatorsLm with trivial central extension9, a Heisenberg algebra
Hm corresponding to the U(1) current, and the fermionic generatorsGm andQm, m ∈ Z

corresponding to two anticommuting fields with conformal weights 2 and 1 respectively.
T2 satisifies the (anti-)commutation relations [7]

[Lm, Ln] = (m − n)Lm+n, [Hm, Hn] = C
3 mδm+n,

[Lm, Gn] = (m − n)Gm+n, [Hm, Gn] = Gm+n,

[Lm, Qn] = −nQm+n, [Hm, Qn] = −Qm+n,

[Lm, Hn] = −nHm+n + C
6 (m2 + m)δm+n,

{Gm, Qn} = 2Lm+n − 2nHm+n + C
3 (m2 + m)δm+n,

{Gm, Gn} = {Qm, Qn} = 0, m, n ∈ Z.

(26)

The central termC commutes with all other operators and can therefore be fixed
again asc ∈ C. HT2 = span{L0, H0, C} defines a commuting subalgebra ofT2, which
can therefore be diagonalised simultaneously. Generators with positive index span the
set ofpositive operatorsT+

2 of T2 and likewise generators with negative index span the
set ofnegative operatorsT−

2 of T2:

T+
2 = span{Lm, Hm, Gn, Qn : m, n ∈ N}, (27)

T−
2 = span{L−m, H−m, G−n, Q−n : m, n ∈ N}. (28)

The zero modesare spanned byT0
2 = span{L0, H0, C,G0, Q0} such that the gener-

ators {G0, Q0} classify the different choices of Verma modules.Q0 has the proper-
ties of a BRST-charge [7] so that the energy-momentum tensor is BRST-exact:Lm =
1/2 {Gm, Q0}.

Using Definition 3.1 a simultaneous eigenvector|1, q, c〉N of HT2 with L0 eigen-
value1, H0 eigenvalueq, C eigenvalue10 c, and vanishingT+

2 action is called ahighest
weight vector. Each representation with lower bound for the eigenvalues ofL0 needs
to contain a highest weight vector. Additional vanishing conditionsN are possible only
with respect to the operatorsG0 andQ0 which may or may not annihilate a highest
weight vector. The different types of annihilation conditions have been analysed in Ref.
[20] resulting as follows. One can distinguish 4 different types of highest weight vectors
|1, q〉N labeled by a superscriptN ∈ {G, Q, GQ}, or no superscript at all: highest
weight vectors|1, q〉GQ annihilated by bothG0 andQ0 (chiral)11, highest weight vec-
tors|1, q〉G annihilated byG0 but not byQ0 (G0-closed), highest weight vectors|1, q〉Q
annihilated byQ0 but not byG0 (Q0-closed), and finally highest weight vectors|1, q〉
that are neither annihilated byG0 nor byQ0 (no-label).

Since 2L0 = G0Q0 + Q0G0, a chiral vector, annihilated by bothG0 andQ0, neces-
sarily has vanishingL0-eigenvalue. On the other hand, any highest weight vector|1, q〉

9 Note our slightly different notation for the Virasoro generatorsLn in the topologicalN = 2 case.
10 For simplicity from now on we will supress the eigenvalue ofC in |1, q, c〉N and simply write|1, q〉N .
11 Chirality conditions are important for physics [30,7,19].
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Table 4.1.Topological highest weight vectors

|0, q〉 G0 |0, q〉 6= 0 andQ0 |0, q〉 6= 0 no-label

|1, q〉G G0 |1, q〉 = 0 andQ0 |1, q〉 6= 0 G0-closed

|1, q〉Q G0 |1, q〉 6= 0 andQ0 |1, q〉 = 0 Q0-closed

|0, q〉GQ G0 |0, q〉 = 0 andQ0 |0, q〉 = 0 chiral

that is neither annihilated byG0 nor byQ0 can be decomposed into121
G0Q0 |1, q〉 +

1
21

Q0G0 |1, q〉, provided1 6= 0. In this case the whole representation decomposes into
a direct sum of two submodules, one of them containing theG0-closed highest weight
vectorG0Q0 |1, q〉 and the other one containing theQ0-closed highest weight vector
Q0G0 |1, q〉. Therefore, forno-labelhighest weight vectors, annihilated neither byG0
nor by Q0, we only need to consider the cases with1 = 0; i.e. the highest weight
vectors that cannot be expressed as linear combinations ofG0-closed andQ0-closed
highest weight vectors. From now onno-labelwill refer exclusively to such highest
weight vectors with1 = 0. Hence, according to Definition 3.1, we have the following
4 different types of topological Verma modules, as shown in Table 4.1:

V0,q = U(T2) ⊗HT2⊕T+
2

|0, q〉 , (29)

VG
1,q = U(T2) ⊗HT2⊕T+

2 ⊕span{G0} |1, q〉G , (30)

VQ
1,q = U(T2) ⊗HT2⊕T+

2 ⊕span{Q0} |1, q〉Q , (31)

VGQ
0,q = U(T2) ⊗HT2⊕T+

2 ⊕span{G0,Q0} |0, q〉GQ . (32)

TheVerma modules of typesVG
1,q andVQ

1,q , based onG0-closed orQ0-closed highest
weight vectors, are called [20]genericVerma modules, whereas the Verma modules of
typesV0,q andVGQ

0,q are calledno-labelandchiral Verma modules, respectively, for

obvious reasons12.
For elementsY of T2 which are eigenvectors ofHT2 with respect to the adjoint

representation we define similarly to theVirasoro case thelevel|Y |L as[L0, Y ] = |Y |LY

and in addition thecharge|Y |H as[H0, Y ] = |Y |H Y . In particular, elements of the form

Y = L−lL . . .L−l1H−hH
. . .H−h1Q−qQ

. . .Q−q1G−gG
. . .G−g1 (33)

and any reorderings ofY have level|Y |L = ∑L
j=1 lj +∑H

j=1 hj +∑Q
j=1 qj +∑G

j=1 gj

and charge|Y |H = G − Q. For these elements we shall also define theirlength‖Y‖ =
L + H + G + Q. Again, we shall set|1|L = |1|H = ‖1‖ = 0. For convenience we
define the following sets of negative operators form ∈ N:

Lm = {Y = L−lL . . .L−l1 : lL ≥ . . . ≥ l1 ≥ 2, |Y |L = m}, (34)

Hm = {Y = H−hH
. . .H−h1 : hH ≥ . . . ≥ h1 ≥ 1, |Y |L = m}, (35)

Gm = {Y = G−gG
. . .G−g1 : gG > . . . > g1 ≥ 2, |Y |L = m}, (36)

Qm = {Y = Q−qQ
. . .Q−q1 : qQ > . . . > q1 ≥ 2, |Y |L = m}, (37)

L0 = H0 = G0 = Q0 = {1}. (38)

12 As explained in Ref. [20], the chiral Verma modulesVGQ
0,q , built on chiral highest weight vectors, are not

complete Verma modules because the chirality constraint is not required (just allowed) by the algebra.
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We are now able to define a graded basis for the Verma modules as described in the
previous section. We choosel ∈ N0, n ∈ Z and define:

SG
m,n = {

Y =LHGQ : L ∈ Ll , H ∈ Hh, G ∈ Gg, Q ∈ Qq,

|Y |L =m = l + h + g + q, |Y |H =n=|G|H + |Q|H , l, h, g, q ∈ N0} , (39)

SQ
m,n = {

Y = LHQG : L ∈ Ll , H ∈ Hh, Q ∈ Qq, G ∈ Gg,

|Y |L =m = l + h + g + q, |Y |H =n=|Q|H + |G|H , l, h, g, q ∈ N0} . (40)

And finally for m ∈ N0, n ∈ Z:

CG
m,n =

{
Sp,q Lm−p−r1−r2

−1 Gr1−1Qr2−1Qr3
0 : Sp,q ∈ SG

p,q, p ∈ N0, r1, r2, r3 ∈ {0, 1},
m − p − r1 − r2 ≥ 0, n = q + r1 − r2 − r3} , (41)

CQ
m,n =

{
Sp,q Lm−p−r1−r2

−1 Qr1−1Gr2−1Gr3
0 : Sp,q ∈ SQ

p,q, p ∈ N0, r1, r2, r3 ∈ {0, 1},
m − p − r1 − r2 ≥ 0, n = q − r1 + r2 + r3} . (42)

Thus, a typical element ofCG
m,n is of the form

Y = L−lL . . .L−l1H−hH
. . .H−h1G−gG

. . .G−g1Q−qQ
. . .Q−q1Lm′

−1Gr1−1Qr2−1Qr3
0 , (43)

r1, r2, r3 ∈ {0, 1}, such that|Y |L = m and|Y |H = n. Sp,q of Y ∈ CG
m,n or of Y ∈ CQ

m,n

is called theleading part ofY and is denoted byY ∗. Hence, one can define the following
standard bases:

B|1,q〉G =
{
Y |1, q〉G : Y ∈ CG

m,n m ∈ N0, n ∈ Z

}
,

B|1,q〉Q =
{
Y |1, q〉Q : Y ∈ CQ

m,n m ∈ N0, n ∈ Z

}
, (44)

obtaining finallyVG
1,q = span{B|1,q〉G} andVQ

1,q = span{B|1,q〉Q}. For Verma modules

built on no-label and chiral highest weight vectors,V0,q andVG,Q
0,q both with1 = 0,

one defines in exactly the same way:

Sm,n = {
Y = LHGQ : L ∈ Ll , H ∈ Hh, G ∈ Gg, Q ∈ Qq, (45)

|Y |L = m = l + h + g + q, |Y |H = n = |G|H + |Q|H , l, h, g, q ∈ N0
}
,

Cm,n = {
Sp,q Lm−p−r1−r2

−1 Gr1−1Qr2−1Gr4
0 Qr3

0 : Sp,q ∈ Sp,q,

p ∈ N0, r1, r2, r3, r4 ∈ {0, 1},
m − p − r1 − r2 ≥ 0, n = q + r1 − r2 + r4 − r3

}
, (46)

CGQ
m,n = {

Sp,q Lm−p−r1−r2
−1 Gr1−1Qr2−1 : Sp,q ∈ Sp,q, p ∈ N0, r1, r2 ∈ {0, 1},

m − p − r1 − r2 ≥ 0, n = q + r1 − r2
}
. (47)

Sp,q of Y ∈ Cm,n or of Y ∈ CGQ
m,n will be also called theleading partY ∗ of Y . One

obtains the following standard bases for the modulesV0,q andVG,Q
0,q :

B|0,q〉 = {
Y |0, q〉 : Y ∈ Cm,n, m ∈ N0, n ∈ Z

}
,

B|0,q〉GQ =
{
Y |0, q〉GQ : Y ∈ CGQ

m,n, m ∈ N0, n ∈ Z

}
. (48)
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Table 4.2.Topological singular vectors

9l,p G09l,p 6= 0 andQ09l,p 6= 0; l + 1 = 0 no-label

9G
l,p

G09l,p = 0 andQ09l,p 6= 0 G0-closed

9
Q
l,p

G09l,p 6= 0 andQ09l,p = 0 Q0-closed

9
GQ
l,p

G09l,p = 0 andQ09l,p = 0; l + 1 = 0 chiral

The bases Eq. (44) and Eq. (48) are naturallyN0 × Z graded with respect to their
HT2 eigenvalues relative to the eigenvalues(1, q) of the highest weight vector. For an
eigenvector9l,p of HT2 in VN

1,q theL0-eigenvalue is1 + l and theH0-eigenvalue is
q + p with l ∈ N0 andp ∈ Z. We define thelevel|9l,p|L = l andcharge|9l,p|H = p.

Like for the Virasoro case, we shall useCG
m,n, CQ

m,n, Cm,n andCGQ
m,n in order to define

thenormal formof an eigenvector9l,p of HT2. It is defined to be the basis decomposition
with respect to the corresponding standard bases Eq. (44) and Eq. (48). Again, we call
the operatorsX ∈ CG

l,p, or X ∈ CQ
l,p, or X ∈ Cl,p, or X ∈ CGQ

l,p simply thetermsof 9l,p

and the coefficientscX its coefficients.
We introduce topological singular vectors according to Definition 3.2 asHT2 eigen-

vectors that are not proportional to the highest weight vector but are annihilated byT+
2

and may also satisfy additional vanishing conditions with respect to the operatorsG0

andQ0. Therefore one also distinguishes singular vectors9l,p, 9G
l,p, 9

Q
l,p and9

GQ
l,p

carrying the superscriptG and/orQ depending on whether the singular vector is anni-
hilated byG0 and/orQ0. Obviously one obtains similar restrictions on the eigenvalues
of 9N ′

l,p ∈ VN
1,q as for the highest weight vectors, as shown in Table 4.2.

As there are 4 types of topologicalVerma modules and 4 types of topological singular
vectors one might think of 16 different combinations of singular vectors in Verma mod-
ules. However, as will be explained later, no-label and chiral singular vectors do not exist
neither in no-label Verma modules nor in chiral Verma modules (with one exception:
chiral singular vectors at level 0 in no-label Verma modules). Most of these types of
singular vectors are connected via theN = 2 topological spectral flow mappings[18,
17,20] which have been analysed in detail in Refs. [17,20].

5. Adapted Orderings on Generic Verma ModulesVG
1,q and VQ

1,q

We will now introduce total orderingsOG andOQ on CG
m,n andCQ

m,n respectively. For
convenience, however, we shall first give an ordering on the setsLm, Hm, Gm andQm.

Definition 5.1. Let Y denote eitherL, H, G, or Q, (but the same throughout this def-
inition) and take two elementsXi ∈ Ymi for mi ∈ N0, i = 1, 2, such thatXi =
Zi

−mi‖Xi‖
. . . Zi

−mi
1
, |Xi |L = mi or Xi = 1, i = 1, 2, with Zi

−mi
j

being an operator of

the typeL−mi
j
, H−mi

j
, G−mi

j
, or Q−mi

j
depending on whetherY denotesL, H, G or Q

respectively. ForX1 6= X2 we compute the index13 j0 = min{j : m1
j − m2

j 6= 0, j =
1, . . . , min(‖X1‖, ‖X2‖)}. j0 is, if non-trivial, the index for which the level of the op-
erators inX1 andX2 first disagree when read from the right to the left. Forj0 > 0 we

13 For subsets ofN we define min∅ = 0.
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then define

X1<Y
X2 if m1

j0
< m2

j0
. (49)

If, however,j0 = 0, we set

X1<Y
X2 if ‖X1‖ > ‖X2‖. (50)

For X1 = X2 we setX1<Y
X2 and X2<Y

X1.

Some examples of Definition 5.1 are:

L−4L−3L−2 <
L

L−4L−2,

H−4H−3H−2 <
H

H−3H−2,

Q−2 <
Q

1. (51)

We can now define an ordering onCG
m,n which will turn out to be adapted with a very

small kernel.

Definition 5.2. On the setCG
m,n we introduce the total orderingOG. For two elements

X1, X2 ∈ CG
m,n, X1 6= X2 with Xi = LiH iGiQiLki

−1G
ri
1−1Q

ri
2−1Q

ri
3

0 , Li ∈ Lli , Hi ∈
Hhi

,Gi ∈ Ggi
,Qi ∈ Qqi

for someli , hi, gi, qi, k
i, ri

1, r
i
2, r

i
3 ∈ N0, i = 1, 2 such that

m ∈ N0, n ∈ Z we define

X1<OG
X2 if k1 > k2. (52)

For k1 = k2 we set

X1<OG
X2 if r1

1 + r1
2 > r2

1 + r2
2 . (53)

If r1
1 + r1

2 = r2
1 + r2

2 , then we set

X1<OG
X2 if Q1<

Q
Q2. (54)

In the case where alsoQ1 = Q2 we define

X1<OG
X2 if G1<

G
G2. (55)

If evenG1 = G2 we then define

X1<OG
X2 if L1<

L
L2. (56)

If further L1 = L2 we set

X1<OG
X2 if H 1<

H
H 2, (57)

which finally has to give an answer. ForX1 = X2 we defineX1<OG
X2 and X2<OG

X1.
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Definition 5.2 is well-defined since one obtains an answer for any pairX1, X2 ∈ CG
m,n,

X1 6= X2 after going through Eqs. (52)–(57), and hence the orderingOG proves to be a
total ordering onCG

m,n. Namely, if Eqs. (52)–(57) do not give an answer on the ordering

of X1 andX2, then obviouslyX1 andX2 are of the formXi = LHGQLk−1G
ri
1−1Q

ri
2−1Q

ri
3

0 ,
with commonL, H , G, Q, k and alsor1

1 + r1
2 = r2

1 + r2
2. The fact that bothX1 and

X2 has chargen implies r1
1 − r1

2 − r1
3 = r2

1 − r2
2 − r2

3, and usingr1
1 + r1

2 = r2
1 + r2

2
one obtains 2r1

2 + r1
3 = 2r2

2 + r2
3. But this equation has solutions from{0, 1} only for

r1
2 = r2

2 and consequently alsor1
3 = r2

3 and henceX1 = X2.
Obviously theOG-smallest element ofCG

m,0 is Lm−1 followed byLm−1
−1 G−1Q0 whilst

theOG-smallest element ofCG
m,−1 is Lm−1Q0 followed byLm−1

−1 Q−1. Similarly, forCG
m,1

we findLm−1
−1 G−1 asOG-smallest element followed byLm−2

−1 G−1. We will now show
that the orderingOG is adapted and we will compute the ordering kernels. We do not
give a theoretical proof that these kernels are the smallest possible ordering kernels.
However, we shall refer later to explicit examples of singular vectors that show that for
general values of1 andq most of the ordering kernels presented here cannot be smaller.

Theorem 5.3. If the central extension satisfiesc 6= 3, then the orderingOG is adapted
to CG

m,n for all Verma modulesVG
1,q and for all grades(m, n) with m ∈ N0, n ∈ Z.

Ordering kernels are given by the following tables for all levels14 m, depending on the
set of annihilation operators and depending on the chargen.

Table 5.1.Ordering kernels forOG, annihilation operatorsT+
2

n ordering kernel

+1 {Lm−1
−1 G−1}

0 {Lm−1, H−1Lm−1
−1 , Lm−1

−1 G−1Q0}
−1 {Lm−1Q0, H−1Lm−1

−1 Q0, Lm−1
−1 Q−1}

−2 {Lm−1
−1 Q−1Q0}

Table 5.2.Ordering kernels forOG, annihilation operatorsT+
2 andG0

n ordering kernel

+1 {Lm−1
−1 G−1}

0 {Lm−1, Lm−1
−1 G−1Q0}

−1 {Lm−1Q0}

Table 5.3.Ordering kernels forOG, annihilation operatorsT+
2 andQ0

n ordering kernel

0 {Lm−1}
−1 {Lm−1Q0, Lm−1

−1 Q−1}
−2 {Lm−1

−1 Q−1Q0}

14 Note that for levelsm = 0 andm = 1 some of the kernel elements obviously do not exist.
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Table 5.4.Ordering kernels forOG, annihilation operatorsT+
2 , Q0, andG0

n ordering kernel

0 {Lm−1}
−1 {Lm−1Q0}

Charges that do not appear in the tables have trivial ordering kernels.

Like in the Virasoro case our strategy will be to find annihilation operators that are able
to produce an additionalL−1. Hence, we raise the term in question to the class of terms
with one additionalL−1 and try to prove that terms that can also be raised to this class
of terms have to beOG-smaller. That we need to focus only on operators that create
L−1 from the leading part of a term is a consequence of the following theorem which
we therefore shall prove before starting the proof of Theorem 5.3.

Theorem 5.4. Let us assume that there exists an annihilation operator0 that creates a
termX0 with n + 1 operatorsL−1 by acting on

X0 = X∗
0 Ln−1 Gr1−1 Qr2−1 Qr3

0 ∈ CG
m0,n0

(58)

with X∗
0 = L0 H 0 G0 Q0,

L0 = L−mL

‖L0‖
. . .L−mL

1
∈ Ll ,

H 0 = H−mH

‖H0‖
. . .H−mH

1
∈ Hh,

G0 = G−mG

‖G0‖
. . .G−mG

1
∈ Gg,

Q0 = Q−m
Q

‖Q0‖
. . .Q−m

Q
1

∈ Qq,

l, h, g, q ∈ N0 andr1, r2, r3 ∈ {0, 1}. Let us further assume that this additionalL−1 is
created by commuting0 throughX∗

0. Then any other termY ∈ CG
m0,n0

with X0<OG
Y

for which the action of0 also produces the termX0 will also create one additionalL−1
and this by commuting0 through the leading partY ∗ of Y .

Theorem 5.4 thus tells us that anyY ∈ CG
m0,n0

that does not generate an additional
L−1 fromY ∗ in the described sense is automaticallyOG-smaller thanX0 and is therefore
irrelevant for the adapted ordering.

Proof. Let us show that if0 does not create one additionalL−1 by commuting through
Y ∗ but still satisfies that it also creates the termX0 acting onY , thenY<OG

X0. If Y

has alreadyn + 1 or even more operatorsL−1, thenY is obviouslyOG-smaller than
X0. Thus the action of0 onY needs to create at least oneL−1. However, the action of
one operator0 can create at most oneL−1. This is an immediate consequence of the
commutation relations Eq. (26): the action of one operator0 can take several operators
in X0 away but it can at most create only one new operator. We can therefore concentrate
on termsY that have exactlyn operatorsL−1. The additionalL−1 is either created from

Y ∗ or fromGrY
1−1Q

rY
2−1Q

rY
3

0 . For the latter case there are a few possibilities to createL−1:
only under the action ofG0, Q0, L1, or H1, and depending on the values ofrY

1 , rY
2 , and
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rY
3 . The operator0 could be one of these operators or the commutation of0 with Y ∗

could produce one of them. (Note that it is not possible to create one of these operators
and to create in addition aL−1 from Y ∗.) If now G0, Q0, L1, or H1 creates aL−1 from

GrY
1−1Q

rY
2−1Q

rY
3

0 , then we find in each case that at least one ofrY
1 or rY

2 changes from 1
to 0 whilst rY

3 remains unchanged. ButX0 has the sameri asX0 for i = 1, 2, 3. One
therefore deduces thatrY

1 + rY
2 > r1 + r2 and thusY<OG

X0. Hence the additionalL−1

must be created by commuting0 through the leading partY ∗ in order thatX0<OG
Y .

ut
Equipped with Theorem 5.4 we can now proceed with the proof of Theorem 5.3:

Let us consider the term

X0 = L0 H 0 G0 Q0 Ln−1 Gr1−1 Qr2−1 Qr3
0 ∈ CG

m0,n0
, (59)

with L0, H 0, G0 andQ0 given above.We construct the vector90 = X0 |1, q〉G ∈ VG
1,q

at level|X0|L = m0 and charge|X0|H = n0.
Let us first consider the annihilation operators to be those inU(T2)

+ only. If Q0 6= 1
we act withG

m
Q
1 −1 ∈ T+

2 on 90 and write the result again in its normal form. We will

thus obtain a non-trivial term inG
m

Q
1 −19

0 with one additionalL−1:

XQ = L0 H 0 G0 Q̃0 Ln+1
−1 Gr1−1 Qr2−1 Qr3

0 ,

Q̃0 = Q−m
Q
q

. . .Q−m
Q
2

(60)

or, if ‖Q0‖ = 1, Q̃0 = 1 simply by commutingG
m

Q
1 −1 with Q−m

Q
1

which produces

the additional operatorL−1. Any other termY ∈ CG
m0,n0

also producingXQ under the
action ofG

m
Q
1 −1 ∈ T+

2 and beingOG-bigger thanX0 also needs to create oneL−1

by commutingG
m

Q
1 −1 with Y ∗ due to Theorem 5.4. We can therefore focus on terms

Y = LY HY GY QY Ln−1Gr1−1Qr2−1Qr3
0 . One finds that by commutingG

m
Q
1 −1 with operators

in LY or HY one can only produce terms of the formGm′ with m′ < m
Q
1 −1. Therefore,

in order to create subsequently the operatorL−1 from Gm′ or directly fromG
m

Q
1 −1, Y

needs to contain an operator of the formQ−m?−1 that satisfies15 0 < m? + 1 ≤ m
Q
1 . If

m? + 1 < m
Q
1 one finds thatY is OG-smaller thanX0 as the equation deciding on the

ordering ofX0 andY would in this case be Eq. (54). Ifm? +1 = m
Q
1 , on the other hand,

Y must be necessarily equal toX0. Note thatG
m

Q
1 −1 andGm′ simply anticommute with

operators ofGY and therefore cannot create anyL−1. Hence there are no termsY OG-
bigger than the termsX0 producing the same termsXQ under the action ofG

m
Q
1 −1 ∈ T+

2 .

We have therefore shown thatthe orderingOG is adapted on the set of termsX0 of the
form given byEq. (59)with Q0 6= 1 for all grades(m0, n0) and all central termsc ∈ C.

As the termsX0 with Q0 6= 1 are now proven to be adapted, next we will consider
the termsX0 with Q0 = 1 andG0 6= 1:

X0 = L0 H 0 G0 Ln−1 Gr1−1 Qr2−1 Qr3
0 . (61)

15 Note that form? = 0, −1 Q−m?−1 would not be in the leading partY ∗.



Singular Dimensions ofN = 2 Superconformal Algebras. I 513

If G0 6= 1 we act with the annihilation operatorQmG
1 −1 on 90 = X0 |1, q〉G. This

produces the term

XG = L0 H 0 G̃0 Ln+1
−1 Gr1−1 Qr2−1 Qr3

0 (62)

with G̃0 = G−mG
g

. . .G−mG
2

or, if ‖G0‖ = 1, G̃0 = 1. Again, any other termY with

X0<OG
Y also producingXG under the action ofQmG

1 −1 ∈ T+
2 needs to create oneL−1

by commutingQmG
1 −1 through the leading partY ∗ due to Theorem 5.4. Thus we focus on

operatorsY of the formY = LY HY GY QY Ln−1Gr1−1Qr2−1Qr3
0 with QY = 1 as otherwise

Y<OG
X0. CommutingQmG

1 −1 with operators inLY or HY can only create operators of

the formQm′ with m′ < mG
1 − 1. The operatorsQmG

1 −1 andQm′ can createL−1 from

GY only if GY containsG−m′−1 with m′ +1 ≤ mG
1 , and thereforeY is againOG-smaller

or equal thanX0. CommutingQm throughGY can also give rise to operators of the form
Lp, Hp and consequently even toGp with p < mG

1 − 1. In order to createL−1 from
QY it would require thatQY 6= 1 so that one again findsY<OG

X0. This shows that
the orderingOG is adapted on the set of termsX0 of the form given byEq. (59)with
Q0 6= 1 or G0 6= 1 for all grades(m0, n0) and all central termsc ∈ C.

Next we will consider the termsX0 with Q0 = 1, G0 = 1 andL0 6= 1:

X0 = L0 H 0 Ln−1 Gr1−1 Qr2−1 Qr3
0 . (63)

If L0 6= 1 we act with the annihilation operatorLmL
1 −1 ∈ T+

2 on 90 = X0 |1, q〉G.
This produces a term of the form

XL = L̃0 H 0 Ln+1
−1 Gr1−1 Qr2−1 Qr3

0 (64)

with L̃0 = L−mL
l

. . .L−mL
2

or, if ‖L0‖ = 1, L̃0 = 1. If mL
2 = mL

1 we may simply obtain

multiple copies of the same termXL. Again Theorem 5.4 allows us to focus onOG-
bigger termsY of the formY = LY HY Ln−1Gr1−1Qr2−1Qr3

0 ∈ CG
m0,n0

(in addition,GY 6= 1
or QY 6= 1 would lead toY<OG

X0). The operatorLmL
1 −1 commuted with operators in

HY cannot create anyL−1 and obviously, following the arguments of the Virasoro case
(proof of Theorem 2.4), termsY that produceXL creatingL−1 out ofLY would again
beOG-smaller thanX0. Therefore we can state thatthe orderingOG is adapted on the
set of termsX0 of the form given byEq. (59)with Q0 6= 1, or G0 6= 1, or L0 6= 1 for
all grades(m0, n0) and all central termsc ∈ C.

We are thus left with termsX0 of the form

X0 = H 0 Ln−1 Gr1−1 Qr2−1 Qr3
0 . (65)

At this stage it is not possible to create operatorsL−1 by acting directly with positive
operators ofT+

2 onH 0. Therefore we cannot use further Theorem 5.4, which has proven
to be very fruitful so far, and a different strategy must be applied. Let us first assume
thatH 0 contains operators other thanH−1 and letj0 ∈ N be the smallest index ofH 0

such thatmH
j0

6= 1. There are four different cases to study depending on the values ofr1,

r2 andr3. Let us start with the cases wherer2 = 0. Acting with16 GmH
j0

Q−1 ∈ U(T2)
+

16 At this stage of the proof we need the annihilation operators to be from the universal enveloping algebra.
Therefore, Definition 3.3 is slightly modified compared to Definition 2.1.
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on90 = X0 |1, q〉G and writing the result in its normal form, one obtains a non-trivial
term

XH = H̃ 0 Ln+1
−1 Gr1−1 Qr3

0 ,

H̃ 0 = H−mH
h

. . .H−mH
j+1

Hj0−1
−1 (66)

or, if ‖H 0‖ = j0, H̃ 0 = Hj0−1
−1 (commutingQ−1 with H−mH

j0
producesQ−mH

j0
−1 and

subsequently the commutation withGmH
j0

producesL−1). If mH
j0+1 = mH

j0
one simply

obtains multiple copies ofXH . Now we must show that any other termY ∈ CG
m0,n0

also producingXH under the action ofGmH
j0

Q−1 is OG-smaller thanX0. Just like in

Theorem 5.4, ifY already hasn+1 or more operatorsL−1, thenY<OG
X0. But unlike in

Theorem 5.4, we act now with two operators and could therefore also produce two new
operators. HoweverGmH

j0
Q−1 cannot produce twoL−1 as there are no operatorsG0 in

Y . We therefore take firstY = HY Ln−1Gr1−1Qr2−1Qr3
0 ∈ CG

m0,n0
. If GmH

j0
Q−1 produces one

L−1 by commuting throughHY and leavesr1, r2 andr3 unchanged one findsY<OG
X0,

because thenHY needs to have more operatorsH−1 thanX0, so thatmY
j0

< mH
j0

. On

the other hand,Q−1 acting onGrY
1−1Q

rY
2−1Q

rY
3

0 cannot create anyL−1 but it could change
rY
2 from 0 to 1 orrY

1 from 1 to 0. The first case would not produceXH as we assumed
r2 = 0 and in additionGmH

j0
cannot createL−1 from HY . The latter case can produce

XH but only for r1 = 0 andrY
1 = rY

2 = 1 (G2Q−1 creatingL−1 from GrY
1−1Q

rY
2−1Q

rY
3

0 ).
ThusrY

1 + rY
2 = 2 > 0 = r1 + r2 resulting inY<OG

X0.
Now let us taker2 = 1 and let us assumer1 = 0. In this case we proceed analogously

as in the previous case by acting withQmH
j0

G−1 ∈ U(T2)
+. Again one cannot produce

the termXH from a termY OG-bigger thanX0. In particular, the only wayG−1 could
change the triple(rY

1 , rY
2 , rY

3 ) is by changingrY
1 from 0 to 1, which is not allowed as

r1 = 0, and in additionL−1 could not be created byQmH
j0

acting onHY . For the case that

bothr1 = r2 = 1 let us first assume thatr3 = 0. By acting withGmH
j0

−1Q0 ∈ U(T2)
+

one producesL−1 from H−mH
j0

in a similar way as before.Q0 can change the triple

(rY
1 , rY

2 , rY
3 ) in two ways: it can changerY

3 from 0 to 1 or it could changerY
1 from 1

to 0. The first case, however, would not lead to the termXH asr3 = 0. The latter case
can only lead toXH if GmH

j0
−1 can be converted intoG−1 which requiresHY <

H
H 0.

Therefore we findY<OG
X0. Finally, if r1 = r2 = r3 = 1 we act withQmH

j0
−1G0. In this

caserY
3 can only be changed from 1 to 0, which does not lead toXH , andrY

2 can only
be changed from 1 to 0, which requiresQmH

j0
−1 to be converted intoQ−1 in order to

obtainXH , resulting again inY<OG
X0. We can thus summarise thatthe orderingOG

is adapted on the set of termsX0 of the form given byEq. (59)with Q0 6= 1,or G0 6= 1,
or L0 6= 1,or H 0 6= Hk−1 for somek ∈ N0 for all grades(m0, n0) and all central terms
c ∈ C.

Next let us considerX0 = HmH

−1 Ln−1Gr1−1Qr2−1Qr3
0 . For the ordering we have chosen,

H1 is not capable to rule out elements of the ordering kernel containingH−1. The
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action ofH1 rather concernsG−1Q−1 as this combination of operators is necessarily
needed in order to createL−1 under the action ofH1. If we taker1 = r2 = 1, i.e.
X0 = HmH

−1 Ln−1G−1Q−1Qr3
0 , then the action ofH1 creates an additionalL−1 in the

only possible way thatH1 can createL−1, producing a termHmH

−1 Ln+1
−1 Qr3

0 that cannot
be obtained from any other termY OG-bigger thanX0. Thus elements of the ordering
kernel are of the formHmH

−1 Ln−1Gr1−1Qr2−1Qr3
0 with r1 + r2 < 2 for all grades and all

central termsc ∈ C.
At this stage all restrictions on the ordering kernel arising from operators inT+

2 which
create an additionalL−1 have been used. One might think that the smallest ordering
kernel has been found. However we will now show that, considering the action of two
annihilation operators at the same time, we can still reduce the ordering kernel at least for
central termsc 6= 3. Let us consider the caseX0 = HmH

−1 Ln−1Gr1−1Qr2−1Qr3
0 with mH 6= 0

andr1 + r2 < 2. The action ofH1 ∈ T+
2 on90 = X0 |1, q〉G creates, providedc 6= 0,

a non-trivial term of the formXH = HmH −1
−1 Ln−1Gr1−1Qr2−1Qr3

0 with oneH−1 removed
but no newL−1 created. Furthermore, asr1 + r2 < 2, H1 cannot create anyL−1. Now,
depending onr1, r2 andr3 it may be possible to find termsY OG-bigger thanX0 that do
not createL−1 but still generateXH underH1. In the caser1 = 1, r2 = 0 one finds that

Y = HmH −1
−1 G−2Ln−1Qr3

0 is the only such term. Thus,X0 andY both create the same

termXH = HmH −1
−1 Ln−1G−1Qr3

0 under the action ofH1 with coefficientsmH c
3 and 1

respectively17, with X0<OG
Y . On the other hand, acting withQ1 again shows thatY is

the only termOG-bigger thanX0, both of them generating18 X̃H = HmH −1
−1 Ln+1

−1 Qr3
0 .

Let us therefore take the combinationH1 + Q1 acting onX0 and onY . This results in

(H1 + Q1)X0 = mH c

3
XH + 2mH X̃H + ..., (67)

(H1 + Q1)Y = XH + 2X̃H + ...,

where “. . . ” denotes terms that are irrelevant for us19. We now alter the standard basis
of the normal form by defining new basis termsX1 = mH c

3XH + 2mH X̃H andX2 =
XH + 2X̃H . If this change of basis is possible the action ofH1 + Q1 on X0 thus
yields a termX1 that cannot be produced from any other termY unlessY<OG

X0. In
order for this basis transformation to be allowed, the determinant of the transformation
coefficients must be non-trivial: 2mH c

3 −2mH 6= 0 withmH > 0 andc 6= 3. In the case

r1 = 0,r2 = 1 we can repeat exactly the same procedure withY = HmH −1
−1 Q−2Ln−1Qr3

0 ,

X̃H = HmH −1
−1 Ln+1

−1 Qr3
0 andQ1 replaced byG1. Equations (67) turn in this case into

(H1 + G1)X0 = mH c

3
XH − 2mH X̃H + ..., (68)

(H1 + G1)Y = −XH + 2X̃H + ...,

and thus result in exactly the same conditions from the determinant:mH > 0 andc 6= 3.

17 There are certainly other terms that areOG-smaller thanX0 and createXH such asHmH −1
−1 Ln−1G−1Q−1

for r2 = 0 andr3 = 1. But as before,OG-smaller terms are not relevant due to Definition 3.3.
18 Note that we have used the action ofQ1 before to rule outY in the ordering kernel.
19 Note that this is consistent forc = 0.
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Finally in the caser1 = r2 = 0 we are left withX0 of the form

X0 = HmH

−1 Ln−1 Qr3
0 . (69)

FormH ≥ 1 one finds that the action ofH1 onX0 and onY = HmH −1
−1 Ln−1

−1 G−1Q−1Qr3
0

produces a termXH = HmH −1
−1 Ln−1Qr3

0 with coefficientsc
3mH and 2 respectively. As

X0<OG
Y one again needs to find a suitable second operator creating from bothX0

andY a common termX̃H that cannot be created from any other terms that areOG-
bigger thanX0 andY . For mH ≥ 2 we act withH1G0Q0 on X0 andY . In both cases

one obtains a term̃X = HmH −2
−1 Ln+1

−1 Qr3
0 with coefficients 2mH (mH − 1)( c

3 − 1) and
4(mH −1)( c

3−1) respectively.As above, the change of basis is possible if the determinant
of these coefficients is non-trivial:∣∣∣∣∣

mH c
3 2

2mH (mH − 1)( c
3 − 1) 4(mH − 1)( c

3 − 1)

∣∣∣∣∣ = 4mH (mH − 1)(
c

3
− 1)2, (70)

and thus result in the conditions:mH ≥ 2 andc 6= 3.
Therefore the kernel of the orderingOG, is given by

CK
m0,n0

= {Ln−1Gr1−1Qr2−1Qr3
0 , H−1Ln−1Qr3

0 : r1 + r2 < 2,

m0 = n + r1 + r2, n0 = r1 − r2 − r3
}
,

for all grades(m0, n0) and all central termsc ∈ C with c 6= 3. This proves the results
shown in Table 5.1.

ForG0-closed vectorsG0 is also in the set of annihilation operators. In this case the ac-
tion ofG0 onX0 of the formHmH

−1 Ln−1Gr1−1Q−1Qr3
0 produces the termHmH

−1 Ln+1
−1 Gr1−1Qr3

0
that cannot be obtained from any other termY OG-bigger thanX0 (commuting with
Q−1 is the only way to produceL−1 acting withG0). Thus, the ordering kernel contains
no terms withQ−1 for all complex values ofc.

If we now takeX0 = H−1Ln−1Qr3
0 we find the (unique)OG-bigger termY =

Ln−1
−1 G−1Q−1Qr3

0 , both producing the termsLn−1G−1Qr3
0 andLn−1Qr3

0 under the action
of G0 andH1 respectively20. As a resultH−1 can also be removed by changing the basis
suitably providedc 6= 3. The determinant of the coefficients results in:

∣∣∣∣∣
−1 −2
c
3 2

∣∣∣∣∣ = 2(
c

3
− 1), (71)

which is again non-trivial forc 6= 3. This proves the results shown in Table 5.2.
In a completely analogous way one can remove the terms containingG−1 or H−1

in the case ofQ0-closed singular vectors. The former can be done by acting withQ0

onX0 =HmH

−1 Ln−1G−1Qr2−1Qr3
0 , creating the termHmH

−1 Ln+1
−1 Qr2−1Qr3

0 , whilst the latter is
achieved from the action ofQ0 andH1 on the sameX0 andY as above. The determinant
of the coefficients is again non-trivial forc 6= 3:

∣∣∣∣∣
1 2
c
3 2

∣∣∣∣∣ = −2(
c

3
− 1). (72)

20 The basis we have to choose in this case is notL0 graded.
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The results are shown in Table 5.3.
Finally, combining our considerations forG0-closed singular vectors andQ0-closed

singular vectors we obtain that the ordering kernel for the case of chiral singular vectors
does not contain any operators of the formQ−1, G−1 or H−1. This proves the results
shown in Table 5.4 and finally completes the proof of Theorem 5.3.

By replacing the rôles of the operatorsGn and Qn for all n ∈ Z we can define
analogously an orderingOQ on CQ

m,n which is adapted forc 6= 3 for all levels. The
corresponding ordering kernels are as follows.

Theorem 5.5. If the central extension satisfiesc 6= 3 then the orderingOQ is adapted

to CQ
m,n for all Verma modulesVQ

1,q and for all grades(m, n) with m ∈ N0, n ∈ Z.
Ordering kernels are given by the following tables for all levelsm, depending on the set
of annihilation operators and depending on the chargen.

Table 5.5.Ordering kernels forOQ, annihilation operatorsT+
2

n ordering kernel

+2 {Lm−1
−1 G−1G0}

+1 {Lm−1G0, H−1Lm−1
−1 G0, Lm−1

−1 G−1}
0 {Lm−1, H−1Lm−1

−1 , Lm−1
−1 Q−1G0}

−1 {Lm−1
−1 Q−1}

Table 5.6.Ordering kernels forOQ, annihilation operatorsT+
2 andQ0

n ordering kernel

+1 {Lm−1G0}
0 {Lm−1, Lm−1

−1 Q−1G0}
−1 {Lm−1

−1 Q−1}

Table 5.7.Ordering kernels forOQ, annihilation operatorsT+
2 andG0

n ordering kernel

+2 {Lm−1
−1 G−1G0}

+1 {Lm−1G0, Lm−1
−1 G−1}

0 {Lm−1}

Table 5.8.Ordering kernels forOQ, annihilation operatorsT+
2 , Q0, andG0

n ordering kernel

+1 {Lm−1G0}
0 {Lm−1}

Charges that do not appear in the tables have trivial ordering kernels.

Proof. The proof of Theorem 5.5 is completely analogous to the proof of Theorem 5.3.
We just need to swap the rôles of the operatorsGn andQn for all n ∈ Z. ut
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6. Adapted Orderings on Chiral Verma ModulesVGQ

0,q

We saw in Sect. 4 that for both chiral and no-label highest weight vectors the conformal
weight is zero. This applies to Verma modules as well as to singular vectors. Thus a
chiral singular vector in the chiral Verma moduleVGQ

0,q needs to have level 0 and the

same is true for no-label singular vectors inVGQ
0,q . But at level 0 there are no singular

vectors inVGQ
0,q , as the only state at level 0 is the highest weight state|0, q〉GQ itself.

For chiral Verma modulesVGQ
0,q we shall therefore only consider adapted orderings with

additional annihilation conditions corresponding toG0 or Q0, but not to both.

In Sect. 4 we also introduced the setCGQ
m,n , Eq. (48), defining the standard basis

B|0,q〉GQ of the chiral Verma modulesVGQ
0,q . CGQ

m,n can be obtained by settingr3 ≡ 0 in

CG
m,n, Eq. (41). Therefore,OG is also defined onCGQ

m,n , a subset ofCG
m,n. This suggests

that the ordering kernels forOG on CGQ
m,n may simply be appropriate subsets of the

ordering kernels ofOG on CG
m,n, given in Theorem 5.3. This can easily be shown by

considering the fact thatr3 is never a deciding element of the orderingOG in Eqs. (52)–
(57). Furthermore, during the proof of Theorem 5.3 it happens in each case that the
considered termX0, constructed fromX0 under the action of a suitable annihilation
operator0, has always the same exponentr3 of Q0 asX0 itself. Therefore, the whole
proof of Theorem 5.3 can also be applied toOG defined onCGQ

m,n simply by imposing
r3 ≡ 0 in every step. As a result the new ordering kernels are simply the intersections of
CGQ

m,n with the ordering kernels forCG
m,n. Hence, we have already proven the following

theorem.

Theorem 6.1. For the set of annihilation operators that containsG0 or Q0 but not both
and forc 6= 3 the orderingOG is adapted toCGQ

m,n for all chiral Verma modulesVGQ
0,q

and for all grades(m, n) with m ∈ N0, n ∈ Z. Depending on the set of annihilation
operators and depending on the chargen, ordering kernels are given by the following
tables for all levelsm:

Table 11.Ordering kernels forOG onCGQ
m,n , annihilation operatorsT+

2 andG0

n ordering kernel

+1 {Lm−1
−1 G−1}

0 {Lm−1}

Table 12.Ordering kernels forOG onCGQ
m,n , annihilation operatorsT+

2 andQ0

n ordering kernel

0 {Lm−1}
−1 {Lm−1

−1 Q−1}

Charges that do not appear in the tables have trivial ordering kernels.
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7. Adapted Orderings on No-Label Verma ModulesV0,q

We will now consider adapted orderings for no-label Verma modulesV0,q . In Sect. 4, the
standard basis forV0,q is defined usingCm,n of Eq. (48). No-label Verma modules have
zero conformal weight, like chiral Verma modules. Consequently chiral singular vectors
as well as no-label singular vectors inV0,q can only exist at level 0. The space of states in
V0,q at level 0 is spanned by{|0, q〉 , G0 |0, q〉 , Q0 |0, q〉 , G0Q0 |0, q〉}. Therefore, there
are no no-label singular vectors inV0,q and there is exactly one chiral singular vector
in V0,q for all q and for all central extensionsc, namelyG0Q0 |0, q〉. Hence, our main
interest focuses on theG0-closed singular vectors and theQ0-closed singular vectors in
V0,q and we shall therefore investigate adapted orderings with the corresponding vanish-
ing conditions. The statesG0 |0, q〉 andQ0 |0, q〉 satisfyQ0G0 |0, q〉 = −G0Q0 |0, q〉.
Consequently the norms of these states have opposite signs and can be set to zero.

Clearly,VG
0,q is isomorphic to the quotient module ofV0,q divided by the submodule

generated by the singular vectorG0 |0, q〉, i.e. VG
0,q = V0,q

G0|0,q〉 and likewiseVQ
0,q =

V0,q

Q0|0,q〉 . If we consider a singular vector9 of V0,q then the canonical projection of9

intoVG
0,q is either trivial or a singular vector inVG

0,q and similarly forVQ
0,q . The converse,

however, is not true, a singular vector inVG
0,q or VQ

0,q do not necessarily correspond to a
singular vector inV0,q , it may only be subsingular inV0,q . One may also ask whether all

singular vectors inV0,q correspond to singular vectors in eitherVG
0,q or VQ

0,q , in which
case the investigation of no-label Verma modules would not give us more information
than what we already know, or rather there can also be singular vectors inV0,q that

vanish for both canonical projections into the generic Verma modulesVG
0,q andVQ

0,q .
This is indeed the case, as was shown by the explicit examples at level 1 given in Ref.
[20] (we will come back to this point at the end of next section).

Unlike for chiralVerma modules, the no-labelVerma modules are not simply a subcase
of theG0-closed Verma modules with respect to the adapted orderingOG. In fact, rather
thanCm,n being a subset ofCG

m,n, we find thatCG
m,n is a subset ofCm,n and we hence need

to extend the orderingOG suitably.

Definition 7.1. On the setCm,n we introduce the total orderingOGQ. For two elements

X1, X2 ∈ Cm,n, X1 6= X2 with Xi = LiH iGiQiLki

−1G
ri
1−1Q

ri
2−1G

ri
4

0 Qri
3

0 , Li ∈ Lli , Hi ∈
Hhi

,Gi ∈ Ggi
,Qi ∈ Qqi

for someli , hi, gi, qi, k
i, ri

1, r
i
2, r

i
3, r

i
4 ∈ N0, i = 1, 2 such that

m ∈ N0, n ∈ Z we define

X1<OGQ
X2 if k1 > k2. (73)

For k1 = k2 we set

X1<OGQ
X2 if r1

1 + r1
2 > r2

1 + r2
2 . (74)

If r1
1 + r1

2 = r2
1 + r2

2 we set

X1<OGQ
X2 if Q1<

Q
Q2. (75)

In the caseQ1 = Q2 we define

X1<OGQ
X2 if G1<

G
G2. (76)
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If alsoG1 = G2 we then define

X1<OGQ
X2 if L1<

L
L2. (77)

If further L1 = L2 we set

X1<OGQ
X2 if H 1<

H
H 2, (78)

unlessH 1 = H 2 in which case we set

X1<OGQ
X2 if r1

1 > r2
1 . (79)

If also r1
1 = r2

1 we finally define

X1<OGQ
X2 if r1

3 + r1
4 > r2

3 + r2
4, (80)

which necessarily has to give an answer. ForX1 = X2 we defineX1<OGQ
X2 and

X2<OGQ
X1.

If Eqs. (73)–(80) do not give an answer on the ordering ofX1 andX2, thenX1 and

X2 are of the formXi = LHGQLk−1Gr1−1Qr2−1G
ri
4

0 Qri
3

0 , with r1
3 + r1

4 = r2
3 + r2

4. Since
X1 andX2 both have chargen one hasr1

3 − r1
4 = r2

3 − r2
4 and thusX1 = X2. Hence,

Definition 7.1 is a total ordering well-defined onCm,n.
We will now argue that the proof of Theorem 5.3 can easily be modified in such

a way that exactly the same restrictions on the ordering kernels ofOG extend to the
ordering kernels ofOGQ. As a first step we see that Theorem 5.4 extends straight-
forwardly to Cm,n simply by replacingX0 = X∗

0Ln−1Gr1−1Qr2−1Qr3
0 ∈ CG

m,n by X0 =
X∗

0Ln−1Gr1−1Qr2−1Gr4
0 Qr3

0 ∈ Cm,n. Note that in the proofrY
4 would behave exactly likerY

3
which does not interfere with any arguments. As Theorem 5.4 turned out to be the key
tool to remove operators of the formL−n, G−n, orQ−n from the ordering kernel ofCG

m,n,
we can in exactly the same way already state thatthe orderingOGQ is for all grades
(m, n) and all central extensionsc ∈ C adapted to the set of terms

X0 = L0 H 0 G0 Q0 Ln−1 Gr1−1 Qr2−1 Gr4
0 Qr3

0 ∈ Cm,n, (81)

with L0 6= 1, or G0 6= 1, or Q0 6= 1. We can thus focus on termsX0 of the form

X0 = H−mH
I

. . .H−mH
j0

Hj0−1
−1 Ln−1 Gr1−1 Qr2−1 Gr4

0 Qr3
0 , (82)

with mH
j0

> 1. In the proof of Theorem 5.3 we dealt with these terms by acting with
GmH

j0
−1Q−1 for r2 = 0.At first, the existence ofG0 in the no-label case seems to interfere

with this argument. However, the orderingOGQ has been defined in such a way that
Q−1 does never interact withG0 as it would simply be stuck on the left ofG0. Therefore,
one easily sees that the same arguments as in the proof of Theorem 5.3 hold forr2 = 0.
In the case ofr2 = 1 andr1 = 0 the proof even holds without any modification. For the
casesr1 = r2 = 1, we act withGmH

j0
Q0 or QmH

j0
G0 for r3 = 0 or r3 = 1 respectively. In

these cases we have to consider the additional possibility thatrY
4 changes from 1 to 0 or

from 0 to 1 respectively. However, asGmH
j0

or QmH
j0

still needs to create aL−1 we easily
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see that any termY also satisfying the conditions of Proof 5.3 for this case must contain
operatorsLY , GY , QY , or HY with HY <

H
H 0 and thereforeY<

GQ
X0 as ther4 term

decides very last in the ordering Eqs. (73)–(80). For the final part of Proof 5.3 where
we found restrictions onHj0

−1 in X0, we can simply note thatG0 cannot interfere with
the arguments of the proof forH1 (terms that could interfere to produceG0 would be
OGQ-smaller thanX0) andQ1 andG1 are used in the proof to createL−1 which is neither
possible withG0. Similar arguments show that the proof also holds forr1 = r2 = 0. It
is easy to see that in theG0-closed orQ0-closed cases all considerations of Proof 5.3
extend toCm,n. We have thus shown that the proof of Theorem 5.3 extends to prove the
following theorem regarding no-label Verma modulesV0,q .

Theorem 7.2. For the set of annihilation operators that containsG0 or Q0 but not both
and forc 6= 3 we find that the orderingOGQ is adapted toCm,n for all Verma modules
V0,q and for all grades(m, n) withm ∈ N0, n ∈ Z. Depending on the set of annihilation
operators and depending on the chargen, ordering kernels are given by the following
tables for all levelsm:

Table 7.1.Ordering kernels forOGQ onCm,n, annihilation operatorsT+
2 andG0

n ordering kernel

+2 {Lm−1
−1 G−1G0}

+1 {Lm−1G0, Lm−1
−1 G−1, Lm−1

−1 G−1G0Q0}
0 {Lm−1, Lm−1G0Q0, Lm−1

−1 G−1Q0}
−1 {Lm−1, Q0}

Table 7.2.Ordering kernels forOGQ onCm,n, annihilation operatorsT+
2 andQ0

n ordering kernel

+1 {Lm−1G0}
0 {Lm−1, Lm−1G0Q0, Lm−1

−1 Q−1G0}
−1 {Lm−1Q0, Lm−1

−1 Q−1, Lm−1
−1 Q−1G0Q0}

−2 {Lm−1
−1 Q−1Q0}

Charges that do not appear in the tables have trivial ordering kernels.

8. Dimensional Analysis

In previous sections we argued, following Ref. [20], that a naive estimate would give 16
types of singular vectors inN = 2 topologicalVerma modules, depending on whether the
highest weight vector or the singular vector itself satisfy additional vanishing conditions
with respect to the zero modesG0 or Q0, each of these types coming with different
charges. Three of these types can be ruled out, however, simply by taking into account
thatchiral highest weight conditions andno-labelhighest weight conditions apply only to
states with zero conformal weight. In chiral Verma modules this rules out chiral singular
vectors as well as no-label singular vectors, whilst in no-label Verma modules the no-
label singular vectors are ruled out. A fourth type of singular vectors, chiral singular
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vectors in no-label Verma modules, turns out to consist of only the level zero singular
vectorG0Q0 |0, q〉. In this section we will use Theorem 3.6, together with the results
for the ordering kernels of the previous sections, as the main tools to give upper limits
for the dimensions of the remaining 12 types of topological singular vectors. For most
charges this procedure will even show that there are no singular vectors corresponding
to them.

The dimension of the singular vector spaces inN = 2 superconformalVerma modules
can be larger than one. This fact was discovered for the Neveu–SchwarzN = 2 algebra
in Ref. [9]. In particular, sufficient conditions were found (and proved) to guarantee
the existence of two-dimensional spaces of uncharged singular vectors. Before this had
been shown, it was a false common belief that singular vectors at the same level and
with the same charge would always be linearly dependent. Later some of the results in
Ref. [9] were extended [20] to the topologicalN = 2 algebra. As a consequence two-
dimensional spaces for four different types of topological singular vectors were shown to
exist (those given in Table 8.1 below). However, as we will discuss, the Neveu–Schwarz
counterpart of most topological singular vectors are not singular vectors themselves, but
either descendants of singular vectors or subsingular vectors [11,20,16], for which very
little is known. As a consequence, in order to compute the maximal dimensions for the
singular vector spaces of the topologicalN = 2 algebra, an independent method, like
the one presented in this paper, was needed.

Let us first proceed with a clear definition of what we mean bysingular vector spaces.

Definition 8.1. AG0-closed singular vector space of the topologicalVerma moduleVM
1,q

is a subspace ofVM
1,q of vectors at the same level and with the same charge for which

each non-trivial element is aG0-closed singular vector.M stands forG0-closed,Q0-
closed, chiral, or no-label. Analogously we defineQ0-closed singular vector spaces,
chiral singular vector spaces, and no-label singular vector spaces.

Let us denote by9K,n

m,|1,q〉M a singular vector in the topologicalVerma moduleVM
1,q at

levelm and with chargen. K denotes the additional vanishing conditions of the singular
vector, with respect toG0 andQ0, whilstM denotes the additional vanishing conditions
of the highest weight vector, as introduced in Sect. 4. The ordering kernels of Theorems
5.3 and 5.5 together with Theorem 3.6 allow us to write down an upper limit for the
dimensions of the singular vector spaces simply by counting the number of elements of
the ordering kernels.

Theorem 8.2. For singular vectors with additional vanishing conditions inVG
1,q or in

VQ
1,q , c 6= 3, we find the following upper limits for the number of linearly independent

singular vectors at the same levelm ∈ N0 and with the same chargen ∈ Z (1 = −m

for chiral singular vectors). See Table 8.1.
Singular vectors can only exist if they contain in their normal form at least one non-

trivial term of the corresponding ordering kernel of Theorem 5.3 or 5.5. Chargesn that
are not given have dimension0 and hence do not allow any singular vectors.

The ordering kernels for the vanishing conditionsT+
2 , given in Tables 5.1 and 5.5,

do not include any conditions requiring the action ofG0 andQ0 not to be trivial. As a
result, the ordering kernels of tables Table 5.1 and Table 5.5 include not only the no-
label cases but also the cases ofG0-closed singular vectors,Q0-closed singular vectors,
and chiral singular vectors. However, for no-label singular vectors inVG

1,q or in VQ
1,q
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Table 8.1.Maximal dimensions for singular vectors spaces annihilated byG0 and/orQ0 in VG
1,q or in VQ

1,q

n = −2 n = −1 n = 0 n = 1 n = 2

9
G,n

m,|1,q〉G 0 1 2 1 0

9
Q,n

m,|1,q〉G 1 2 1 0 0

9
GQ,n

m,|−m,q〉G 0 1 1 0 0

9
Q,n

m,|1,q〉Q 0 1 2 1 0

9
G,n

m,|1,q〉Q 0 0 1 2 1

9
GQ,n

m,|−m,q〉Q 0 0 1 1 0

we can find in addition the following restrictions. If9n

m,|1,q〉M is a no-label singular

vector, thenG09
n

m,|1,q〉M must be a singular vector of type9G,n+1
m,|1,q〉M . Consequently,

the dimension for the space of the no-label singular vector9n

m,|1,q〉M cannot be larger

than the dimension for the space of theG0-closed singular vector21 9
G,n+1
m,|1,q〉M . This can

easily be seen as follows. Assume that91 and92 are two no-label linearly independent
singular vectors at the same level and with the same charge, and supposeG091 andG092
are linearly dependent. Then obviously there exist numbersα, β (αβ 6= 0) such that
G0(α91 + β92) = 0 and thus theG0-closed singular vectorα91 + β92 is contained
in the space spanned by91 and92, which is therefore not a no-label singular vector
space. Therefore, linearly independent singular vectors of type9n

m,|1,q〉M imply linearly

independent singular vectors of type9
G,n+1
m,|1,q〉M . The converse is not true, however, since

mostG0-closed singular vectors are not generated by the action ofG0 on a no-label
singular vector (in fact there are many moreG0-closed singular vectors than no-label
singular vectors, as was shown in Ref. [20]). Hence, the dimension for the space of
singular vectors9n

m,|1,q〉M is limited by the dimension for the space of singular vectors

9
G,n+1
m,|1,q〉M . Similarly, Q09

n

m,|1,q〉M is a singular vector of type9Q,n−1
m,|1,q〉M . This again

restricts the dimension for9n

m,|1,q〉M to be less or equal to the dimension of9
Q,n−1
m,|1,q〉M .

Theorem 8.3. For no-label singular vectors inVG
1,q or in VQ

1,q , c 6= 3, we find the
following upper limits for the dimensions of singular vector spaces at levelm ∈ N and
with chargen ∈ Z (1 = −m for no-label singular vectors).

Singular vectors can only exist if they contain in their normal form at least one non-
trivial term of the corresponding ordering kernel of Theorem 5.3 or 5.5. Chargesn that
are not given have dimension0 and hence do not allow any singular vectors.

21 If 9 is a no-label singular vector and4 is aG0-closed, orQ0-closed, or chiral singular vector, both at
the same level and with the same charge, then9 + 4 is again a no-label singular vector (in the sense of
not being annihilated byG0 or Q0) which is linearly indenpendent of9. However, the space spanned by9

and9 + 4 is not considered to be a two-dimensional no-label singular vector space as it decomposes into
a one-dimensional no-label singular vector space and a one-dimensionalG0-closed, orQ0-closed, or chiral
singular vector space.
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Table 8.2.Maximal dimensions for spaces of no-label singular vectors inVG
1,q or in VQ

1,q

n = −2 n = −1 n = 0 n = 1 n = 2

9n

m,|−m,q〉G 0 1 1 0 0

9n

m,|−m,q〉Q 0 0 1 1 0

We now use the ordering kernels of Sect. 6 and Sect. 7 for chiral and no-label Verma
modules. Again, simply by counting the number of elements in the ordering kernels one
obtains the corresponding dimensions, given in the tables that follow.

Theorem 8.4. For singular vectors in chiral Verma modulesVGQ
0,q or in no-label Verma

modulesV0,q , c 6= 3, we find the following upper limits for the number of linearly
independent singular vectors at the same levelm ∈ N0 and with the same chargen ∈ Z.

Table 8.3.Maximal dimensions for singular vectors spaces inVGQ
0,q

n = −2 n = −1 n = 0 n = 1 n = 2

9
G,n

m,|0,q〉GQ 0 0 1 1 0

9
Q,n

m,|0,q〉GQ 0 1 1 0 0

9
GQ,n

0,|0,q〉GQ 0 0 0 0 0

9n

0,|0,q〉GQ 0 0 0 0 0

Table 8.4.Maximal dimensions for singular vectors spaces inV0,q

n = −2 n = −1 n = 0 n = 1 n = 2

9
G,n
m,|0,q〉 0 1 3 3 1

9
Q,n
m,|0,q〉 1 3 3 1 0

9
GQ,n
0,|0,q〉 0 0 1 0 0

9n
0,|0,q〉 0 0 0 0 0

Singular vectors can only exist if they contain in their normal form at least one non-
trivial term of the corresponding ordering kernel of Theorem 6.1 or 7.2. Chargesn that
are not given have dimension0 and hence do not allow any singular vectors.

Tables 8.1, 8.2, 8.3 and Table 8.4 prove the conjecture made in Ref. [20] about
the possible existing types of topological singular vectors. Namely, using the algebraic
mechanism denotedthe cascade effectit was deduced (although not rigorously) the
existence of 4 types of singular vectors in chiral Verma modules (the ones given in
Table 8.3), and 29 types in complete Verma modules (the ones given in tables Table 8.1,
Table 8.2 and Table 8.4). In addition, low level examples were constructed for all these
types of singular vectors what proves that all these types do exist (already at level 1, in
fact, except the type9GQ,n

0,|0,q〉 in no-label Verma modules that only exists at level 0).
We ought to mention that the dimensions given in the previous three theorems are con-

sistent with thespectral flow box diagramsanalysed in Refs. [16,19,20]. Namely, types
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of singular vectors that are connected by thetopologicalspectral flow automorphismA
always show the same singular vector space dimensions22.

Finally let us consider the results of Table 8.1 in more detail for the case when the
conformal weight1 is a negative integer:1 = −m ∈ −N0. In this case, we easily find
for each singular vector9G,n

m,|−m,q〉G (which has zero conformal weight) a companion

Q09
G,n

m,|−m,q〉G which is of chiral type9GQ,n−1
m,|−m,q〉G . Note thatQ09

G,n

m,|−m,q〉G cannot be

trivial. It is rather asecondary singular vector at level 0 with respect to the singular vector
9

G,n

m,|−m,q〉G . Using the same arguments as for the no-label singular vectors ofTable 8.2 we

obtain that the dimension for9G,n

m,|−m,q〉G is restricted by the dimension for9
GQ,n−1
m,|−m,q〉G .

Similarly, we can act withG0 on 9
Q,n

m,|−m,q〉G in order to obtain a secondary singular

vector of chiral type9GQ,n+1
m,|−m,q〉G . The same statements are true for Verma modules of

typeVQ
1,q . We hence obtain the following theorem.

Theorem 8.5. For singular vectors at levelm ∈ N and with chargen ∈ Z in VG
1,q or in

VQ
1,q , with1 = −m andc 6= 3, we find the following maximum dimensions for singular

vector spaces.

Table 8.5.Maximal dimensions for spaces of singular vectors at levelm in VG
1,q or in VQ

1,q with 1 = −m

n = −2 n = −1 n = 0 n = 1 n = 2

9
G,n

m,|−m,q〉G 0 0 1 1 0

9
Q,n

m,|−m,q〉G 1 1 0 0 0

9
Q,n

m,|−m,q〉Q 0 1 1 0 0

9
G,n

m,|−m,q〉Q 0 0 0 1 1

Chargesn that are not given have dimension0 and hence do not allow any singular
vectors.

The results of Table 8.5 imply that if, for example, there are two linearly independent
singular vectors at levelm with charge 0 inVG

1,q , with 1 = −m, both annihilated byG0,
then there exists a non-trivial linear combination of the two singular vectors that turns
out to be a chiral singular vector (annihilated byG0 and Q0). The space spanned by these
two singular vectors hence decomposes into a one-dimensionalG0-closed singular vector
space and a one-dimensional chiral singular vector space (see Ref. [20] for examples at
level 3).

Some remarks are now in order concerning the existence of the considered spaces of
N = 2 singular vectors. First of all observe that the dimensions given by tables Table 8.1
- Table 8.5 are the maximal possible dimensions for the spaces generated by singular
vectors of the corresponding types. That is, dimension 2 for a given type of singular

22 A is the universal odd spectral flow [18,17,20], discovered in Ref. [18], which transform any topological
singular vector into another topological singular vector; in particularA transforms chiral singular vectors into
chiral singular vectors and no-label singular vectors into no-label singular vectors.
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vector in Table 8.1 does not mean that all the spaces generated by singular vectors
of such type are two-dimensional. Rather, most of them are in fact one-dimensional
and only under certain conditions one finds two-dimensional spaces. The same applies
to the three-dimensional spaces in Table 8.4. To be more precise, in Ref. [9] it was
proved that for the Neveu–SchwarzN = 2 algebra two-dimensional spaces exist only
for uncharged singular vectors and under certain conditions, starting at level 2. For
the topologicalN = 2 algebra this implies, as was shown in Ref. [20], that the four
types of two-dimensional singular vector spaces of Table 8.1 must also exist starting
at level 2, provided the corresponding conditions are satisfied. (To see this [20,16] one
only needs to apply the topological twists to the singular vectors of the Neveu–Schwarz
N = 2 algebra and then construct the box-diagrams usingG0, Q0 and the odd spectral
flow automorphismA). As a matter of fact, also in Ref. [20] several examples of these
two-dimensional spaces were constructed at level 3.

For the case of the three-dimensional singular vector spaces in no-label Verma mod-
ules in Table 8.4, we do not know as yet of any conditions for them to exist. In fact
these are the only spaces, among all the spaces given in tables Table 8.1 - Table 8.5,
which have not been observed so far, although the corresponding types of singular
vectors have been constructed at level 1 generating one-dimensional [20] as well as
two-dimensional spaces23 (but not three-dimensional). The latter case is interesting, in
addition, because the corresponding two-dimensional spaces exist already at level 1 (in
contrast with the two-dimensional spaces given by the conditions of Ref. [9], which
exist at levels 2 and higher). Namely, forc = 9 one can easily find two-dimensional
spaces of singular vectors of types9

G,0
1,|0,−3〉 and9

Q,−1
1,|0,−3〉, in the no-label Verma module

V0,−3, and two-dimensional spaces of singular vectors of types9
G,1
1,|0,0〉 and9

Q,0
1,|0,0〉, in

the no-label Verma moduleV0,0, all four types of singular vectors belonging to the same
box-diagram [16,19,20]. That is, the spectral flow automorphismA, transforming the
Verma modulesV0,−3 andV0,0 into each other, map9G,0

1,|0,−3〉 to 9
Q,0
1,|0,0〉 and9

G,1
1,|0,0〉 to

9
Q,−1
1,|0,−3〉, and the other way around, whereasG0 andQ0 transform the singular vectors

into each other inside a given Verma module. One of these two-dimensional spaces is,
for example, the space spanned by the singular vectors of type9

Q,0
1,|0,0〉:

9
Q,0
1,|0,0,c〉 = L−1Q0G0 |0, 0, c〉 (83)

and

9̂
Q,0
1,|0,0,9〉 = [H−1Q0G0 + Q−1G0 − 2Q0G−1] |0, 0, 9〉 , (84)

the latter existing only forc = 9. As one can see, the canonical projections of the first
singular vector into the generic Verma modulesVG

0,0 andVQ
0,0 vanish. On the contrary,

the canonical projections of the second singular vector into the generic Verma modules
VG

0,0 andVQ
0,0 are different from zero, giving rise to the singular vectors

9
Q,0
1,|0,0,9〉G = Q0G−1] |0, 0, 9〉G , 9

Q,0
1,|0,0,9〉Q = [Q−1G0 − 4L−1] |0, 0, 9〉Q , (85)

respectively. These are, in turn, the particular cases for (1 = 0, q = 0, c = 9) of the
general expressions for9Q,0

1,|1,q〉G and9
Q,0
1,|1,q〉Q , given in Ref. [20].

23 In Ref. [20] the existence of these two-dimensional spaces of singular vectors at level 1 was overlooked.
We give examples of them here for the first time.
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9. Dimensions for the Neveu–Schwarz and the RamondN = 2 Algebras

Transferring the dimensions we have found for the topologicalN = 2 algebra to the
Neveu–Schwarz and to the RamondN = 2 algebras is straightforward. The Neveu–
SchwarzN = 2 algebra is related to the topologicalN = 2 algebra through the topolog-
ical twists T ±

W : Lm = Lm±1/2Hm, Hm = ±Hm, Gm = G±
m+1/2 and Qm = G∓

m−1/2 .
As a consequence, the (non-chiral) Neveu–Schwarz highest weight vectors correspond to
G0-closed topological highest weight vectors (annihilated byG0), whereas the chiral and
antichiral Neveu–Schwarz highest weight vectors (annihilated byG+

−1/2 and byG−
−1/2,

respectively), correspond to chiral topological highest weight vectors (annihilated byG0
andQ0). This implies (see the details in Refs. [19,20]) that the standard Neveu–Schwarz
singular vectors (“normal”, chiral and antichiral) correspond to topological singular vec-
tors of the types9G,n

m,|1,q〉G and9
GQ,n

m,|1,q〉G , whereas the Neveu–Schwarz singular vectors

in chiral or antichiral Verma modules correspond to topological singular vectors of only
the type9

G,n

m,|1,q〉GQ (as there are no chiral singular vectors in chiral Verma modules).

To be precise, for the singular vectors of the Neveu–SchwarzN = 2 algebra one finds
the following results.

Theorem 9.1. The spaces of Neveu–Schwarz singular vectors9n
m,|1,q〉, 9

ch,n
m,|1,q〉 and

9
a,n
m,|1,q〉, where the supercriptsch anda stand for chiral and antichiral, respectively,

have the same maximal dimensions as the spaces of topological singular vectors
9

G,±n

m±n/2,|1±q/2,±q〉G and 9
GQ,±n

m±n/2,|−m∓n/2,±q〉G , given in Table 8.1. Therefore for sin-

gular vectors in Neveu–Schwarz Verma modulesVNS
1,q we find the following upper limits

for the number of linearly independent singular vectors at the same levelm and with
the same chargen ∈ Z (m ∈ N for n = 0 whilem ∈ N − 1/2 for n = ±1).

Table 9.1.Maximal dimensions for singular vectors spaces inVNS
1,q

n = −1 n = 0 n = 1

9n
m,|1,q〉 1 2 1

9
ch,n
m,|1,q〉 0 1 1

9
a,n
m,|−m,q〉 1 1 0

(Chiral and antichiral singular vectors satisfy1 + m = ±1/2(q + n), respectively).
Chargesn that are not given have dimension0 and hence do not allow any singular
vectors.

Theorem 9.2. The spaces of Neveu–Schwarz singular vectors9n

m,|1,q〉ch , 9n
m,|1,q〉a

9
a,n

m,|1,q〉ch and9
ch,n

m,|1,q〉a in chiral or antichiral Verma modules,VNS,ch
1,q or VNS,a

1,q with

1 = ±q/2 respectively, have the same maximal dimensions as the spaces of topolog-
ical singular vectors9G,±n

m±n/2,|0,±q〉GQ in chiral topological Verma modules, given in

Table 8.3. Therefore for Neveu–Schwarz singular vectors in chiral or antichiral Verma
modules we find the following upper limits for the number of linearly independent singu-
lar vectors at the same levelm and with the same chargen ∈ Z (m ∈ N for n = 0 while
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m ∈ N − 1/2 for n = ±1). The supercriptsch anda stand for chiral and antichiral,
respectively.

Table 9.2.Maximal dimensions for singular vectors spaces inVNS,ch
q/2,q andVNS,a

−q/2,q

n = −1 n = 0 n = 1

9n

m,|q/2,q〉ch 1 1 0

9
a,n

m,|q/2,q〉ch 1 1 0

9n
m,|−q/2,q〉a 0 1 1

9
ch,n
m,|−q/2,q〉a 0 1 1

(9a,n

m,|q/2,q〉ch and9
ch,n

m,|−q/2,q〉a satisfy in additionq = ∓m−n/2, respectively). Charges

n that are not given have dimension0 and hence do not allow any singular vectors.

Observe that there are no chiral singular vectors in chiral Verma modules, neither an-
tichiral singular vectors in antichiralVerma modules; that is, there are no Neveu–Schwarz
singular vectors of types9ch,n

m,|q/2,q〉ch and9
a,n

m,|−q/2,q〉a , which would correspond to the

non-existing chiral topological singular vectors9
GQ,±n

m±n/2,|0,±q〉GQ in chiral topological

Verma modules.
The first row of Table 9.1 recovers the results already proven24 in Refs. [8,9], using

adapted orderings in generalised (analytically continued) Verma modules. That is, in
completeVerma modules of the Neveu–SchwarzN = 2 algebra singular vectors can only
exist with chargesn = 0, ±1 and, under certain conditions, there exist two-dimensional
spaces of (only) uncharged singular vectors. Table 9.2 proves the conjecture, made in
Refs. [19,20], that in chiral Neveu–SchwarzVerma modulesVNS,ch

q/2,q the charged singular
vectors are always negatively charged, withn = −1, whereas in antichiral Neveu–
Schwarz Verma modulesVNS,a

−q/2,q the charged singular vectors are always positively
charged, withn = 1. In contrast to this, the chiral charged singular vectors in the Verma
modulesVNS

1,q and VNS,a
−q/2,q are always positively charged, withn = 1, whereas the

antichiral charged singular vectors in the Verma modulesVNS
1,q and VNS,ch

q/2,q are always
negatively charged, withn = −1. This fact was observed also in Ref. [20] and can be
deduced from the results of Ref. [9].

As to the RamondN = 2 algebra, combining the topological twistsT ±
W and the

spectral flows it is possible to construct a one-to-one mapping between every Ramond
singular vector and every topological singular vector, at the same levels and with the same
charges25 (see the details in Ref. [12]). As a consequence, the results of tables Table 8.1–
Table 8.5 can be transferred to the Ramond singular vectors simply by exchanging
the labelsG → (+), Q → (−), where the helicity(+) denote the Ramond states
annihilated byG+

0 and the helicity(−) denote the Ramond states annihilated byG−
0 .

Theno-helicityRamond states, analogous to theno-labeltopological states, have been

24 In Ref. [9] it had not been explicitly stated that the results do not hold forc = 3. Also, the necessity of
the change of basis in the final consideration of the proof of Theorem 5.3 had been overlooked in Ref. [9].
Nevertheless, Theorem 9.1 shows that all the results of Ref. [9] do hold.

25 We define the charges for the Ramond states in the same way as for the Neveu–Schwarz states, see the
details in Refs. [19,11].
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overlooked until recently in the literature (see Refs. [11,12]). They require conformal
weight 1 + m = c/24 in the same way that no-label states require zero conformal
weight1 + m = 0.

10. Conclusions and Prospects

For the study of the highest weight representations of a Lie algebra or a Lie super
algebra, the determinant formula plays a crucial rôle. However, the determinant formula
does not give the complete information about the submodules existing in a given Verma
module. Exactly which Verma modules contain proper submodules and at which level
can be found the lowest non-trivial grade space of the biggest proper submodule is the
information that may easily be obtained from the determinant formula. But it does not
give a proof that the singular vectors obtained in that way are all the existing singular
vectors, i.e. generate the biggest proper submodules, neither does it give the dimensions
of the singular vector spaces. However, it has been shown [9,20] that singular vector
spaces with more than one dimension exist already for theN = 2 superconformal
algebra.

In this paper we have presented a method that can easily be applied to many Lie
algebras and Lie super algebras. This method is based on the concept of adapted ordering,
which implies that any singular vector needs to contain at least one non-trivial term
included in the ordering kernel. The size of the ordering kernel therefore limits the
dimension of the corresponding singular vector space. Weights for which the ordering
kernel is trivial do not allow any singular vectors in the corresponding weight space. On
the other hand, non-trivial ordering kernels give us the maximal dimension of a possible
singular vector space. Furthermore, the coefficients with respect to the ordering kernel
uniquely identify a singular vector. In other words, a singular vector is already completely
determined once we have found just the few coefficients with respect to the ordering
kernel. In this way we can easily obtain product expressions for descendant singular
vectors [13] and also solve the question for which cases descendant singular vectors
vanish. The framework can easily be understood using the example of the Virasoro
algebra where the ordering kernel always has size one and therefore Virasoro singular
vectors at the same level in the sameVerma module are always proportional. In its original
version, Kent [26] used the idea of an ordering for generalised (analytically extended)
Virasoro Verma modules in order to show that all vectors satisfying the highest weight
conditions at level 0 are proportional to the highest weight vector.

As an important application of this method, we have computed the maximal dimen-
sions of the singular vector spaces for Verma modules of the topologicalN = 2 algebra,
obtaining maximal dimensions 0, 1, 2 or 3, depending on the type of Verma module
and the type of singular vector. The results are consistent with the topological spectral
flow automorphisms and with all known examples of topological singular vectors. On
the one hand, singular vector spaces with maximal dimension bigger than 1 agree with
explicilty computed examples found before (and during) this work, although in the case
of the three-dimensional spaces in no-label Verma modules, the singular vectors of the
corresponding types known so far generate only one and two-dimensional spaces. These
exist already at level 1, in contrast with the previously known two-dimensional spaces,
which exist at levels 2 and higher. On the other hand, singular vector spaces with zero
dimension imply that the “would-be” singular vectors of the corresponding types do not
exist. As a consequence, our results provide a rigorous proof to the conjecture made in



530 M. Dörrzapf, B. Gato-Rivera

Ref. [20] about the possible existing types of topological singular vectors: 4 types in
chiral Verma modules and 29 types in complete Verma modules.

Finally we have transferred the results found for the topologicalN = 2 algebra to the
Neveu–Schwarz and to the RamondN = 2 algebras. In the first case we have recovered
the results obtained in Ref. [9] for completeVerma modules: maximal dimensions 0, 1 or
2, the latter only for uncharged singular vector spaces, and allowed charges only 0 and±1.
In addition, we have proved the conjecture made in Refs. [19,20] on the possible existing
types of Neveu–Schwarz singular vectors in chiral and antichiral Verma modules. In the
case of the RamondN = 2 algebra we have found a one-to-one mapping between the
Ramond singular vectors and the topological singular vectors, so that the corresponding
results are essentially the same.

The only exception for which the adapted orderings presented in this paper are not
suitable is for central termc = 3. This case needs a separate consideration. The appli-
cation of the adapted ordering method to the twistedN = 2 algebra will be the subject
of a forthcoming paper [13].

The example of theN = 2 topological Verma modules is only one out of many cases
where the concept of adapted orderings can be applied. For example, Bajnok [4] showed
that theanalytic continuationmethod of Kent [26] can be extended to generalised Verma
modules of theWA2 algebra. Not only will the concept of adapted orderings allow us
to obtain information about superconformal Verma modules withN > 2, it should
also be easily applicable to any other Lie algebra whenever an adapted ordering can be
constructed with small ordering kernels.
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